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This Thesis is dedicated to the study of principal G-Higgs bundles on a Riemann surface, 
where G is a real form of a complex Lie group. The first three chapters of the thesis review 
the theory of classical Higgs bundles and principal Higgs bundles. In Chapters 4-7 we 
develop a new method of understanding G-Higgs bundles through their spectral data, for 
G a split real form, G = SL(2,M), U(p,p), SU(p,p) and Sp(2p, 2p). Finally in Chapters 8-9 
we give some open questions and applications of our results. 

In particular, for G a split real form, we identify G-Higgs bundles with points of order 
two in the regular fibres of the Hitchin fibration in Chapter 4, where is the complex- 
ification of G. Through this approach, we study the special case of SL(2, M)-Higgs bundles, 
for which we give an explicit description of the monodromy action in Chapter 5. 

In the case of L/(p,p)-Higgs bundles, in Chapter 6 we identify the known topological 
invariants by the action of a natural involution at fixed points. Subsequently, we define the 
spectral data in terms of the Jacobian variety of an intermediate curve, and for SU(p,p)- 
Higgs bundles, in terms of the Prym variety of a quotient curve. 

In Chapter 7 we study Sp(2p, 2p)-Higgs bundles and define their spectral data through 
parabolic vector bundles in an intermediate cover of the Riemann surface. Through this 
approach, we discover a rank 2 vector bundle moduli space in the fibres of the Sp(4p,C) 
Hitchin fibration. 

Lastly, in Chapter 9 we discuss further applications of our methods, among which are 
implications concerning connectivity of moduli spaces of G-Higgs bundles, as well as non- 
vanishing of higher cohomology groups of these moduli spaces. 
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Chapter 1 



Overview and statement of results 



Since Higgs bundles were introduced in 1987 [Hit87], they have found apphcations in 
many areas of mathematics and mathematical physics. In particular, Hitchin showed in 
[Hit87] that their moduli spaces give examples of Hyper-Kahler manifolds and that they 
provide an interesting example of integrable systems [Hit87a]. More recently, Hausel and 
Thaddeus [HT03] related Higgs bundles to mirror symmetry, and in the work of Kapustin 
and Witten [KW07] Higgs bundles were used to give a physical derivation of the geometric 
Langlands correspondence. 

The moduli space Mq of polystable G-Higgs bundles over a compact Riemann surface 
S, for G a real form of a complex semisimple Lie group , may be identified through 
non-abelian Hodge theory with the moduli space of representations of the fundamental 
group of S (or certain central extension of the fundamental group) into G (see [G-PGM09] 
for the Hitchin-Kobayashi correspondence for G-Higgs bundles). Motivated partially by this 
identification, the moduli space of G-Higgs bundles has been studied by various researchers, 
mainly through a Morse theoretic approach (see, for example, [BW12] for an expository 
article on applications of Morse theory to moduli spaces of Higgs bundles) . 

Real forms of SL(n,C) and GL(n,C) were initially considered in [Hit87] and [Hit92], 
where Hitchin studied SL(2, M)-Higgs bundles, and later on extended those results to 
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SL(n, M)-Higgs bundles. Connectivity of the moduli space of G-Higgs bundles for the real 
forms G = PGI(n,M), PGI(2,M), S[/(p,q) and PL/(p,p) was studied by Bradlow, Gothen, 
Garcia Prada and Oliveira ( e.g., [BG-PG03], [BG-PG04], [OHO]), as well as by Xia and 
Markman [MX02, Xia97, XiaOO, Xia03], their main results holding under certain constraints 
on the degrees of the vector bundles involved. Finally, Garcia Prada and Oliveira calculated 
the connected components for [/*(2n)-Higgs bundles in [G-POlO]. 

In the case of real forms of Sp(2n, C), at the time of writing this thesis, only the group 
Sp(2n, M) has been considered. Gothen studied real symplectic rank 4 Higgs bundles in 
[G95], and together with Bradlow and Garcia-Prada studied connectivity for Sp(2n,R)- 
Higgs bundles for arbitrary n (e.g. [BG-PGll]). The study of connected components for 
the particular case of Sp(4,M) has received extensive attention from Gothen, Garcia Prada, 
Mundet and Oliveira (among others, see [BG-PG03], [G-PGM08]). 

Finally, G-Higgs bundles for G a real form of S0(2n + 1,C) or S0(2n,C) have been 
studied by Aparicio and Garcia Prada in [Ap09] and [ApG-PlO], where connectivity results 
are given for SOo(p,q)-Higgs bundles for p = 1 and q odd, and by Bradlow, Gothen and 
Garcia Prada in [BG-PG06], where connected components for S0*(2n)-Higgs bundle are 
given for maximal topological invariant. 

This thesis is dedicated to the study of principal G-Higgs bundles and their moduli 
spaces, for G a real form of a complex Lie group C^. After introducing the background 
material needed in Chapter 2 and Chapter 3, we concentrate our attention on the case of 
G being a split real form in general, and on the particular cases of G = SL(2,M), U(p,p), 
SU(p,p) and Sp(2p,2p). The original results and new methods developed in this thesis ap- 
pear in Chapters 4-8, whilst further applications are given in Chapter 9. We have organised 
the work in the following way. 
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We begin Chapter 2 by introducing classical Higgs bundles and principal C^-Higgs bun- 
dles for a complex Lie group C^, following [Hit87] and [Hit87a]. Then, via the Hitchin 
fibration, the spectral data approach considered in [Hit07] is presented, and a detailed 
description of the method is given for the classical Lie groups = GL(n, C), SL(n, C), 
Sp(2p, C), S0(2n, C) and S0(2n + 1, C). 

In Chapter 3 we recall the main properties of principal G-Higgs bundles for a real form 
G of a complex Lie group G'^, describing both the Lie theoretic construction of Higgs bun- 
dles as well as their appearance as fixed points of a certain involution on the moduli space 
of G'^ -Higgs bundles. In preparation for the study of the spectral data of G-Higgs bundles, 
and since we know of no complete list, in this chapter we give a thorough description of G- 
Higgs bundles when the structure group is a non-compact real form of a classical complex 
Lie group. In particular, in each case we describe the involution defining the corresponding 
G-Higgs bundle, and study the associated ring of invariant polynomials. 

In Chapter 4 we study G-Higgs bundles for G a split real form. In this case, the Hitchin 
map is surjective and so the generic fibre is a torus. Moreover, the Teichmiiller component 
defined in [Hit92] provides an origin for the bundles of the same topological type, and 
makes the fibre an abelian variety. It is via the Teichmiiller component that we are able 
to describe the moduli space of G-Higgs bundles as fixed points in the moduli space of 
G'^ -Higgs bundles: 

Theorem 4.12. The intersection of the subspace of the Higgs bundle moduli space corre- 
sponding to the split real form of q'^ with the smooth fibres of the Hitchin fibration 

h : Mqc — > j4qc , 

is given by the elements of order two in those fibres. 



3 



Chapter 1 . Overview and statement of results 



As a consequence, this moduli space is a finite covering of an open set in the base. 
Hence, in the case of a split real form G, the natural way of understanding the topology 
of the moduli space of G-Higgs bundles is via the monodromy of the covering. Although 
generally this is known to be a very difficult problem, the case of rank-2 Higgs bundles is 
considerably more tenable. 



In Chapter 5 we study SL(2,M)-Higgs bundles. Through Theorem 4.12, the moduli 
space can be seen as points of order two in the classical Hitchin fibration. We use the 
results of Copeland [Cop05] to understand the generators of the monodromy action for 
SL(2, M)-Higgs bundles, and obtain an explicit description of the monodromy action: 
Theorem 5.23. The monodromy action on the first mod 2 cohomology of the fibres of the 
Hitchin fibration is given by the group of matrices acting on ^ of the form 



( 





A 





71 



(1.1) 



where 



• n is the quotient action on TL!^ ^/(1> ' " " > 1) induced by the permutation action of the 
symmetric group S4g_4 on 'L!^ '> 



A is any (2g) x (4g — 6) matrix with entries in Z2. 



The monodromy approach appeared to be very difficult to follow for higher rank Higgs 
bundles, and already for rank-3 Higgs bundles calculations using similar ideas to the rank-2 
case did not lead to fruitful results. In order to study higher rank Higgs bundles for non- 
split real forms, in Chapter 6 we look at the particular case of [/(p,p)-Higgs bundles. As in 
the case of complex Lie groups, we consider the characteristic polynomial p{x) of a U{p,p)- 
Higgs bundle and the curve it defines. Extending the spectral data methods introduced in 
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Chapter 2, we obtain a description of the spectral data associated to [/(p,p)-Higgs bundles: 
Theorem 6.9. There is a one to one correspondence between U(^p,pyHiggs bundles (V®W, $) 
on a compact Riemann surface T, of genus g > 1 for which deg V > deg W, as given in 
Definition 6.1, which have non-singular spectral curve, and triples (S, Ui,D) where 

• p : S ^T.is a non-singular p-fold cover of T. given by the equation 

pi^) = ^P + a,^P-' + ... + ap_,^ + ap^O 

for Q; e H°(S, JC^') and E, the tautological section of p*K^; 

• Ui is a line bundle on S whose degree is 

deg [/i = deg y + (2p2 - 2pXg - 1); 

• D is a positive subdivisor of the divisor of ap of degree m = deg W — deg V + 2p(g — 1). 

The above approach relies heavily on the existence of a non singular locus in the 
GL(2p,C) Hitchin base defining a smooth curve S associated to a [/(p,p)-Higgs bundle. 
For groups where this locus is empty, a different construction needs to be made. In Chapter 
7 we study the case of Sp(2p,2p)-Higgs bundles, for which we show that the character- 
istic equations always define a reducible spectral curve. In this case, it is via the square 
root of the characteristic polynomial P(x) := p^(x) that we obtain the spectral data of 
Sp(2p, 2p)-Higgs bundles: 

Theorem 7.10. Each stable Sp(2p, 2p)-Higgs bundle (E — V ®W,^) ona compact Riemann 
surface S of genus g > 2 for which p(t}^) = defines a smooth curve, has an associated pair 
(S,M) where 

(a) the curve p : S ^T. is a smooth 2p-fold cover of T. given by the equation 
p{r)^) = rfP + b,r,2f-2 + . . . + h^.^rf + - 0, 
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in the total space ofK, where b; e H°(S,iC^'), and 17 is the tautological section of p*K. 
The curve S has a natural involution cr acting by 17 >-> —17; 

(b) the vector bundle M is a rank 2 vector bundle on the smooth curve p : S — > S with 
determinant bundle A^M = p*K~'^P~^^, and such that cr*M = M. Over the fixed points 
of the involution, the vector bundle M is acted on by a with eigenvalues +1 and —1. 

Conversely, a pair (S,M) satisfying (a) and (b) induces a stable Sp(2p,2p)-Higgs bundle 
(p^M = V ®W,^) on the compact Riemann surface S. 

The intention of the preceding chapters is to provide a new approach to study the 
topology of moduli spaces of flat G-bundles through the analysis of G-Higgs bundles. Since 
the discriminant locus depends on the complex structure, it is very likely that the fixed point 
locus intersects a generic fibre. In an attempt to show the utility of this new approach, in 
Chapter 8 we give some applications of the results which appear in Chapters 4-7. Using 
the results of Chapters 4-5, we can calculate the number of connected components of the 
moduli space of SL(2,M)-Higgs bundles: 

Proposition 8.5. The number of connected components of the moduli space of semistable 
SL{2, R)-Higgs bundles is 2 • 2^? + 2g - 3. 

In the case of L/(p,p)-Higgs bundles, we use the associated spectral data to describe the 
connected components of the moduli space ~Mu{p,p) which intersect regular fibres of the 
classical Hitchin fibration: 

Proposition 8.12. For each fixed invariant m as given in Proposition 6.4, the invariant 
< m < 2p(g — 1) labels exactly one connected component of Mu{p,p) which intersects the 
non-singular fibres of the Hitchin fibration 



6 



given by thefibration o/a*Jac(S) over a Zariski open set in 

p-i 
i=l 

for 8 the total space of a vector bundle over a symmetric product as defined in Section 8.2.1. 

In the case of Sp(2p,2p)-Higgs bundles, we can describe the spectral data through the 
results of [AG06] in terms of parabolic vector bundles, and analyse connectivity via the 
work of Nitsure [N86]. In particular, we have the following results: 

Proposition 8.19. There is exactly one connected component of the moduli space ^spi2p,2p) 
which intersects the regular fibres of the Sp{4p, C) Hitchin fibration, and it is given by the 
fibration of a Zariski open set in 3^^, over a Zariski open set in the space 

p 

i=l 

where is the set of admissible rank 2 parabolic vector bundles on a quotient curve as defined 
in Subsection 8.3.1. 

Since many paths have been opened by the spectral data study of G-Higgs bundles, we 
dedicate Chapter 9 to outline a number of interesting questions that could be approached 
using the spectral data of real Higgs bundles. In particular, we conjecture the following: 

Conjecture 9.1. For G = U(p,p), SU(p,p) and Sp{2p,2p), any component of the fixed 
point set of the involution ©q, as defined in Section 3.1.2, intersects the so-called generic fibre 
of the Hitchin fibration ~* -^g^- 

Among other things, this would imply that the connectivity results given in Chapter 8 
do in fact realise all components of the moduli spaces Mq- In Section 9.2 we discuss how 
the methods developed in this thesis provide a new way of obtaining information about 
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the higher cohomology groups of the moduh spaces Finally, in Section 9.3 we give an 
insight into how the spectral data approach could be extended to other real forms. 
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Chapter 2 

Higgs bundles for complex Lie 
groups 



In this Chapter we introduce classical Higgs bundles and then study principal G*^ -Higgs 
bundles for complex semisimple Lie groups . We begin with an introduction to the sub- 
ject following [Hit87, Hit87a], and in subsequent sections we study G'^-Higgs bundles for 
= SL(n, C), Sp(n, C), S0(2n -I- 1, C) and S0(2n, C). In each case, we give a description 
of the corresponding invariant polynomials, the Hitchin fibration and the associated spec- 
tral curve. Following [Hit87a] and [Hit07], we describe the generic fibres of the Hitchin 
fibration in terms of an associated spectral curve and a line bundle on it. We shall continue 
to follow this approach in Chapter 6 and Chapter 7. 



2.1 Classical Higgs bundles 

We devote this section to developing the general theory of Higgs bundles. More details can 
be found in [Hit87], [Hit87a], [D87], [Cor88], [S88], [N91] and [S92]. 
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2.1.1 Moduli space of vector bundles 

Holomorphic vector bundles on a compact Riemann surface S of genus g >2 are topologi- 
cally classified by their rank n and degree d . 

Definition 2.1. The slope of a holomorphic vector bundle E on His given by 

deg(£) 

KE) := . • 
rk[£J 

A vector bundle E is said to be 

• stable if for any proper, non-zero sub-bundle F c £ we have < 

• semi-stable if for any proper, non-zero sub-bundle F (Z E we have the inequality 

• polystable if it is a direct sum of stable bundles all of which have the same slope. 

It is known that the space of holomorphic bundles of fixed rank and fixed degree, up to 
isomorphism, is not a Hausdorff space. However, through Mumford's Geometric Invariant 
Theory one can construct the moduli space ^{n,d) of stable bundles of fixed rank n and 
degree d, which has the natural structure of an algebraic variety. 

Theorem 2.2. For coprime n and d, the moduli space jV{n, d)is a smooth projective algebraic 
variety of dimension n^{g — 1) -I- 1. 

Remark 2.3. All line bundles are stable, and thus J/'{1, d) contains all line bundles of degree 
d, and is isomorphic to the Jacobian Jac''(S) o/E, an abelian variety of dimension g. 

Let be a complex semisimple Lie group. Following [Ra75] we define stability for 
principal G*^ -bundles as follows (the reader should refer to [Ap09, Section 1.1] for a de- 
tailed description of the definition below) . 
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Definition 2.4. A holomorphic principal C^-bundle P — > S is said to be stable (respectively 
semi-stable^ if for every reduction a : T, ^ P /Q to maximal parabolic subgroups Q of we 
have 

dega* > ( resp. > ), 
where T^^i denotes the relative tangent bundle for the projection P/Q^T,. 

The notion of polystability may be carried over to principal -bundles, allowing one to 
construct the moduli space of polystable principal -bundles of fixed topological type over 
the compact Riemann surface S. 

2.1.2 Moduli space of Higgs bundles 

Classically, a Higgs bundle on the compact Riemann surface S is defined as follows. 

Definition 2.5. A Higgs bundle is a pair (£, $)/or E a holomorphic vector bundle on S, and 
$ a section in H°(I],End(£) (8>iC). The map $ is called the Higgs field. 

A vector subbundle f of £ for which ) c f (8> iC is said to be a (^-invariant subbundle 
of E. Stability for Higgs bundles is defined in terms of ^-invariant subbundles: 

Definition 2.6. A Higgs bundle (£, is 

• stable if for each proper ^-invariant subbundle F one has ju(F) < 

• semi-stable if for each (^-invariant subbundle F one has />t(f ) < jLi(-B); 

• polystable if (£, ^) = (E^, © (£2, ^2) © • • • © [E^, where (£;, is stable with 

= ii{E)for all i. 

Example 2.7. For the Riemann surface S of genus g > I, choose a square root K^^^ of the 
canonical bundle K, and a section co ofK . Consider E — ® K 2. Then, the Higgs bundle 
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(£, for ^> given by 



$ : 



;H°(S,End£0K) 



is stable. In fact, since K2 is not ^-invariant, there are no subbundles of positive degree 
preserved by 

Stable Higgs bundles satisfy many interesting properties. Among others, one should 
note that if a Higgs bundle (E, is stable, then for A e C* and a a holomorphic automor- 
phism of E, the induced Higgs bundles (£, and (£, a*$) are stable. 

Definition 2.8. A C^-Higgs bundle is a pair (P, where P is a principal C^-bundle over 
E, and the Higgs field ^> is a holomorphic section of the vector bundle adP <S)£ K, for adP the 
vector bundle associated to the adjoint representation. 

Example 2.9. Note that in Example 2.7, the Higgs bundle (£, has traceless Higgs field, 
and the determinant bundle A^E is trivial. Hence, (£, is an example of an SL{2,C)-Higgs 
bundle. 

When c GL(n, C), a G'^-Higgs bundle gives rise to a Higgs bundle in the classical 
sense, in general with some extra structure reflecting the definition of . Note that classical 
Higgs bundles are given by GL(n, C)-Higgs bundles. 

In order to define the moduli space of classical Higgs bundles, we shall first define 
an appropriate equivalence relation. For this, consider a strictly semi-stable Higgs bundle 
(£, As it is not stable, E admits a subbundle F c £ of the same slope which is preserved 
by If F is a subbundle of E of least rank and same slope which is preserved by it 
follows that F is stable and hence the induced pair (f, is stable. Then, by induction one 
obtains a flag of subbundles 

Fq = c c . . . c = £ 
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where M(Fi/-Fi_i) = for 1 < i < r, and where the induced Higgs bundles {FjFi_i, $,) 
are stable. This is the Jordan-Holder filtration of E, and it is not unique. However, the 
graded object 

r 

Gr(£,.J>):=0(f;/Fi=i,$;) 

i=l 

is unique up to isomorphism. 

Definition 2.10. Two semi-stable Higgs bundles (£, and (E', are said to be S-equivalent 
(fGr(£,$)^Gr(£^$0- 

Remark 2.11. If a pair (£, is strictly stable, then the induced Jordan-Holder filtration 
is trivial, and so the isomorphism class of the graded object is the isomorphism class of the 
original pain 

From [N91, Theorem 5.10] we let M{n, d) be the moduli space of S-equivalence classes 
of semi-stable Higgs bundles of fixed degree d and fixed rank n. The moduli space M{n,d) 
is a quasi-projective scheme, and has an open subscheme M'{n,d) which is the moduli 
scheme of stable pairs. Thus every point is represented by either a stable or a polystable 
Higgs bundle. When d and n are coprime, the moduli space M{n,d) is smooth. The 
cotangent space oi J/{n,d) over the stable locus is contained in M{n,d) as a Zariski open 
subset. The moduli space ^(n, d) is a non-compact variety which has complex dimension 
2fi^(g — 1) + 2. Moreover, it is a h}q3erkahler manifold with natural symplectic form oj de- 
fined on the infinitesimal deformations {A, 4>) of a Higgs bundle (£, for A e r2°^(Endo£) 
and 4 e f^i°(Endo£), by 



r 



Cu((Ai,*i),(A2,42))^ 



tr(Ai$2 -^2^i) (2.1) 

E 



(see [Hit87],[Hit87a] for details). For simplicity, we shall fix n and d and write M for 
^(n,d). 

By extending the stability definitions for principal G'^ -bundles, one can define stable, 
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semi-stable and polystable G'^-Higgs bundles. Moreover, by reducing to parabolic sub- 
groups one can define the corresponding moduli space for G'^ -Higgs bundles (for details 
about the corresponding constructions, the reader should refer to, e.g., [BiGoOS, Section 
3], [Ap09, Section 1]): 

Definition 2.12. We denote by Mqc the moduli space of polystable G'^ -Higgs bundles. 

We shall denote by p;, for i = 1, . . . , fc, a homogeneous basis for the algebra of invariant 
polynomials on the Lie algebra q'^ of G'^, and let be their degrees. Following [Hit87a], 
the Hitchin fibration is given by 

k 

h-.Mc^ -0HO(S,iC''O, (2.2) 

i=l 

^ (pi($),...,pfc($)). (2.3) 

The map h is referred to as the Hitchin map, and is a proper map for any choice of basis 
(see [Hit87a, Section 4] for details). Furthermore, the dimension of the vector space j4q<^ 
always satisfies 

dim j?/(;c = dim^Qc / 2, 

and the Hitchin map makes the Higgs bundle moduli space into an integrable system. When 
the group being considered is implicit, we shall drop the subscript and refer to the 
moduli space ^ and the Hitchin base j^. 

In the remainder of this Section, following [Hit07], we shall describe the generic fi- 
bres of the Hitchin fibration for classical Higgs bundles. Then, in Section 2.2 we describe 
the generic fibres in the case of G'^-Higgs bundles for the classical groups — SL(n, C), 
Sp(2n, C), S0(2n + 1, C) and S0(2n, C). 

As before, let K be the canonical bundle of S, and X its total space with projection 
p : X — > S. We shall denote by 17 the tautological section of the pull back p*K on X, and 
abusing notation we denote with the same symbols the sections of powers on S and 
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their pull backs to X. Consider a smooth curve S in X with equation 

r]" + a^iq"-^ + a^rf''^ + . . . + a^_^x] + a„ = 0, (2.4) 

for Qj e H°(S,iiC'). By the adjunction formula onX, since the canonical bundle K has trivial 
cotangent bundle one has = p*K'^, and hence 

gs = l + n\g-ll 

Starting with a line bundle M on the smooth curve p : S — > S with equation as in (2.4), we 
shall obtain a classical Higgs bundle by considering the direct image p^M of M. Recall that 
by definition of direct image, given an open set c E, one has 

H%p-\'^),M)=H%'^,p,M). (2.5) 

Multiplication by the the tautological section 17 induces the map 

H°(p-H'?^),M) lH°ip-\'^),M^p*K). 

From (2.5) this map can be pushed down to obtain 

* :p^M ^p^M®K, 

defining a Higgs field $ e H°(S, End£ for E := p*M. From Grothendieck-Riemann- 
Roch, one has deg£ = degM + (n^ — n)(l — g). Moreover, the Higgs field satisfies its 
characteristic equation, which by construction is 

17" + a^rf-^ + a2ry"-2 + . . . + a^_^r] + a„ = 0. 
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Since $ satisfies the above equation, 17 gives an eigenvalue of The characteristic polyno- 
mial of $ restricted to an invariant subbundle would divide the characteristic polynomial 
of Since S is smooth, it is irreducible, and thus there are no invariant subbundles of the 
Higgs field. Hence, the induced Higgs bundle (E, is stable. Recall that the Norm map 

Nm : Pic(S) Pic(E), 

associated to p, is defined on divisor classes by Nm(^ ^iPi) = 2 "iPCPi)- The kernel of the 
Norm map is the Prym variety, and is denoted by Prym(S, S). From [BNR, Section 4] the 
determinant bundle of M satisfies 

A"p,M = Nm(M) 

For y c S an open set, we have T c p~^(p(y)) and hence a natural restriction map 

H°(p-Hp(r)),M) ^ H\r,M), 

which gives the evaluation map ev : p*p^M — > M. Multiplication by 17 commutes with this 
linear map and so the action of p*$ on the dual of the vector bundle p*p^M preserves a 
one-dimensional subspace. Hence M* is an eigenspace of p*$^ with eigenvalue 17. Equiv- 
alently M is the cokernel of p*$ — 17 acting on p*£ (E> p*K* . By means of the Norm map, 
this correspondence can be seen on the curve S via the exact sequence 

^ M ® p*K'^-'' ^ p*E -^p*(£ (8) K) M (g) p*K ^ , (2.6) 

and its dualised sequence 

^ M* p*K* ^ p*(£* (8> K*) ^ p*£* ^ M* (g) p*K"-'^ ^ . (2.7) 
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In particular, from the relative duality theorem one has that 

P^(MT = p^(Ks^P*K-^^M*1 (2.8) 

and thus E* is the direct image sheaf p*(M* (E) p*K"~^). 

Conversely, let (£, $) be a classical Higgs bundle. The characteristic polynomial is 

det(x - = x" + aix""^ + ajx""^ + . . . + a„_iX + a„. 

The coefficients of the above polynomial define the spectral curve S of the Higgs bundle 
(E, <E>) in the total space X. The equation of S is as (2.4), i.e., 

rj" + airj"-i + 03 rj"-^ + . . . + a„_irj + a„ = 0, 

for a; eH°(S,iC'). 

From [BNR, Proposition 3.6], there is a bijective correspondence between Higgs bun- 
dles (£, and the line bundles M on the spectral curve S described previously. This cor- 
respondence identifies the fibre of the Hitchin map with the Picard variety of line bundles 
of the appropriate degree. By tensoring the line bundles M with a chosen line bundle of 
degree — deg(M), one obtains a point in the Jacobian Jac(S), the abelian variety of line 
bundles of degree zero on S, which has dimension gg. In particular, the Jacobian variety is 
the connected component of the identity in the Picard group H^(S, Thus, the fibre of 
the Hitchin fibration /i : ^ — > j?/ is isomorphic to the Jacobian of the spectral curve S. For 
more details, the reader should refer to [Hit07, Section 2]. 

Example 2.13. In the case of a clcLssical rank2 Higgs bundle the characteristic polyno- 

mial of ^ defines a spectral curve p : S — > S. This is a 2-fold cover ofT. in the total space ofK, 
and has equation 17^ + 02 = 0, for 02 a quadratic differential and 17 the tautological section of 
p*K. By [BNR, Remark 3.5] the curve is smooth when a2 has simple zeros, and in this case the 
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ramification points are given by the divisor of For z a local coordinate near a ramification 
point, the covering is given by z >-> := w. In a neighbourhood of z = 0, a section of the line 
bundle M looks like 

/(w) = /o(w) + z/i(w). 
Since the Higgs field is obtained via multiplication by 17, one has 



*(/o(w) + z/i(w)) = w/i(w) + z/o(w). 



(2.9) 



and thus a local form of the Higgs field $ is given by 



$ = 



w ' 



^1 Oj 



A similar analysis of the regular fibres of the Hitchin fibration can be done for G'^ -Higgs 
bundles. In proceeding sections, following [Hit87a] and [Hit07], we describe the fibres of 
the Hitchin fibration in terms of spectral data of the corresponding -Higgs bundles for 
classical complex semisimple Lie groups. 



Remark 2.14. For generic C^, a description of the fibres can be obtained by means ofCameral 
covers [DoMa96] (see also [Do95]), which is equivalent to the one given in the next section 
for classical Lie groups. 



2.2 Principal Higgs bundles 

We describe here -Higgs bundles and the corresponding Hitchin fibration for classical 
complex semisimple Lie groups C^. For further details, the reader should refer to [Hit87a] 
and [Hit07]. 
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2.2.1 G'=SLin,C) 

Let = SL(n, C). A basis for the invariant polynomials on the Lie algebra s[(n, C) is given 
by the coefficients of the characteristic polynomial of a trace-free matrix A e s[(n, C), which 
is given by 

det(x -A) = x" + a2x"~^ + . . . + a„. 

Concretely, an SL(n, C)-Higgs bundle is a classical Higgs bundle (£, where the rank 
n vector bundle E has trivial determinant and the Higgs field has zero trace. In this case, 
the spectral curve p : S — > S associated to the Higgs bundle has equation 

97" + a2i7"-2 + ... + a„_ii7 + a„ = 0, (2.10) 

where a, e H°(I],/C') are the coefficients of the characteristic polynomial of Genetically 
S is a smooth curve of genus gg = 1 + n^(g — 1). 

Considering the coefficients of the characteristic polynomial of an SL(n, C)-Higgs bun- 
dle (£, one has the Hitchin fibration 

n 

h : J^sL(n,c) — ^SL(n.c) := 0H°(S,r). (2.11) 

!=2 

In this case the generic fibres of the Hitchin fibration are given by the subset of Jac(S) 
of line bundles M on S for which p^M = E and A"p*M is trivial. As seen previously, from 
[BNR, Section 4], the determinant bundle of M satisfies 

A"p^M = Nm(M) (8> K'"^"-'^'^^^ . 
Thus, A"p^M is trivial if and only if 

Nm(M)^JC"^"-i^/2_ (212) 
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Equivalently, since 

the determinant bundle A"p^M is trivial if M (g) p*K~^'^~^^^^ is in the Prym variety. In the 
case of even rank n, equation (2.12) implies a choice of a square root of K. 

Hence, the generic fibre of the SL(n,C) Hitchin fibration is biholomorphically equiv- 
alent to the Prym variety of the corresponding spectral curve S (see [Hit87] and [Hit07, 
Section 2.2] for more details). A further study of the generic fibres of the SI(2, C) Hitchin 
fibration is done in Chapter 5. 



2.2.2 G'=Sp(2n,C) 



Let — Sp{2n, C), and let V be 2n dimensional vector space w^ith a non-degenerate skew- 
symmetric form < , >. Given Vj, v^- eigenvectors of A € sp(2n, C) for eigenvalues A; and 
Xj, one has that 

Xi<Vi,Vj> = <AjVi,Vj> 
- <AVi,Vj> 
= - < Vi,Avj > 

= -<Vi,XjVj> 
= -Xj <Vi,Vj> . 

From the above one has that < Vi,Vj >= unless A; = —Xj. Since < Vj,Vj >= 0, from 
the non-degeneracy of the symplectic inner product it follows that if A; is an eigenvalue 
so is —A;. Thus, distinct eigenvalues of A must occur in ±Aj pairs, and the corresponding 
eigenspaces are paired by the symplectic form. The characteristic polynomial of A must 
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therefore be of the form 



det(x -A) = x^" + aix 



2n-2 



+ . . . + Qn-iX^ + a„. 



A basis for the invariant polynomials on the Lie algebra sp(2n, C) is given by a^, . . . , a„. 

An Sp(2n, C)-Higgs bundle is a pair (£, for E a rank 2n vector bundle with a sym- 
plectic form co( , ), and the Higgs field $ e H°(E,End(£) satisfying 



The volume form co" trivialises the determinant bundle A^"£*. The characteristic polyno- 
mial det(i7 — defines a spectral curve p : S — > S in X with equation 



whose genus is := 1 + 4n^(g — 1). The curve S has a natural involution (j(r]) — —17 and 
thus one can define the quotient curve S = S/a, of which S is a 2-fold cover 



Note that the Norm map associated to n satisfies 7r*Nm(x) = x -I- ax, and thus the Prym 
variety Prym(S,S) is given by the line bundles L e Jac(S) for which a*L ^ L*. As in the 
case of classical Higgs bundles, the characteristic polynomial of a Higgs field $ gives the 
Hitchin fibration 

n 

h : ^sp(2n,c) ^sp(2n,c) ~ Qh%I:,K^% (2.14) 

i=l 

Given an Sp(2n, C)-Higgs bundle one has = — $ and an eigenspace M of 

$ with eigenvalue rj is transformed to a*M for the eigenvalue —rj. Moreover, since the 



a)(^>v, w) = — co(v, 'J>w). 



r?2" + air?2"-i + . . . + a,_,iq^ + a„ - 



(2.13) 



71 : S — > S. 
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line bundle M is the cokernel of p** — 17 acting on p*(£ K*), one can consider the 
corresponding exact sequences (2.6) and its dualised sequence (2.7), which identify M* 
with M <E) p*i<C^~^", or equivalently, = p*iC^"~^. By choosing a square root K^^^ one has 
a line bundle Mo — M(8)p*iC""+^/2 for which cr*Mo = M*, i.e., which is in the Prym variety 
Prym(S,S). 

Conversely, an Sp(2p,C)-Higgs bundle can be recovered from a line bundle in 
Prym(S,S), for S a smooth curve with equation (2.13) and S its quotient curve. Indeed, 
by Bertini's theorem, such a smooth curve S with equation (2.13) always exists. Letting 
E := p*M for M = Mq (E> p*K"~^^^, one has the exact sequences (2.6) and its dualised (2.7) 
on the curve S. Moreover, since ^ p*K^"~^, there is an isomorphism E = E* which in- 
duces the symplectic structure on E. Hence, the generic fibres of the corresponding Hitchin 
fibration can be identified with the Prym variety Prym(S,S). 

2.2.3 =S0(2n + l,C) 

We shall now consider the special orthogonal group = S0(2n + 1,C) and the corre- 
sponding Higgs bundles. Following a similar analysis as in the previous case, one can see 
that for a generic matrix A e so(2n + 1, C), its distinct eigenvalues occur in ± A; pairs. Thus, 
the characteristic polynomial of A must be of the form 

det(x - A) = x(x^" + Qix^""^ + ... + a„_ix^ + a^), (2.15) 

where the coefficients a^, . . . , a„ give a basis for the invariant polynomials on so(2n -I- 1, C). 

An S0{2n + l,C)-Higgs bundle is a pair (£, for E a holomorphic vector bundle of 
rank 2n -I- 1 with a non-degenerate s}Tnmetric bilinear form (v, w), and $ a Higgs field in 
H°(S, Endo(£) K) which satisfies 

{^v,w) = — (v, $w). 
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The moduli space ^so(2n+i,c) has two connected components, characterised by a class 
W2 e H^(E, Z2) ^ Z2, depending on whether £ has a lift to a spin bundle or not. The 
spectral curve induced by the characteristic polynomial in (2.15) is a reducible curve: an 
S0(2n + l,C)-Higgs field $ has always a zero eigenvalue, and from [Hit07, Section 4.1] 
the zero eigenspace Eq is given by Eq ^ i<C~". 

From (2.15), the characteristic polynomial det(i7 — defines a component of the spec- 
tral curve, which for convenience we shall denote by p : S — > S, and whose equation is 

rj^" + aiTj^"-^ + . . . + a„_iTj2 + a„ = 0, 

where a; e H°(S,K^'). This is a 2n-fold cover of S, with genus = 1 + 4n^(g — 1). The 
Hitchin fibration in this case is given by the map 

n 

h : ^so(2n+i,c) — * -^soiiin+i.c] ^H°C^>K^^)> (2.16) 

i=l 

which sends each pair (£, to the coefficients of det(i7 — As in the case of Sp(2n, C), 
the curve S has an involution a which acts as cr(rj) = —rj. Thus, we may consider the 
quotient curve S = S/cr in the total space of JC^, for which S is a double cover ti : S — > S. 

Following [Hit07], the symmetric bilinear form (v,w) canonically defines a skew form 
($v, w) on E/Eq with values in K. Moreover, choosing a square root K^^^ one can define 

V = E/Eo^K-'^'^, 

on which the corresponding skew form is non-degenerate. The Higgs field $ induces a 
transformation on V which has characteristic polynomial 

det(x - $0 = x^" -I- Qjx^""^ + ... + a^-ix^ + a„. 
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Note that this is exactly the case of Sp(2n, C) described in Section 2.2.2, and thus we may 
describe the above with a choice of a hne bundle Mq in the Prym variety Pr}Tii(S,S). In 
particular, S corresponds to the smooth spectral curve of an Sp(2n, C)-Higgs bundle. 

When reconstructing the vector bundle E with an S0(2n + 1,C) structure from an 
Sp(2n, C)-Higgs bundle (V,^') as in [Hit07, Section 4.3], there is a mod 2 invariant as- 
sociated to each zero of the coefficient a„ of the characteristic pol}Tiomial det(i7 — This 
data comes from choosing a trivialisation of Mq e Pr}Tn(S,S) over the zeros of a„, and 
defines a covering P' of the Prym variety Prym(S,S). The covering has two components 
corresponding to the spin and non-spin lifts of the vector bundle. The identity component 
of P', which corresponds to the spin case, is isomorphic to the dual of the s}Tnplectic Prym 
variety, and this is the generic fibre of the S0(2n -I- 1, C) Hitchin map. 

2.2.4 G' = S0(2n,C) 

Lastly, we consider = S0(2n, C). As in previous cases, the distinct eigenvalues of a 
matrix A e so(2n, C) occur in pairs ±Aj, and thus the characteristic polynomial of A is of 
the form 

det(x - A) = x^" + a^x^""^ -I- ... -I- a„_iX^ -I- a„. 

In this case the coefficient is the square of a polynomial p„, the Pfaffian, of degree n. A 
basis for the invariant polynomials on the Lie algebra so(2n, C) is 

ai,a2,...,an-i,Pn, 

(the reader should refer, for example, to [A89] and references therein for further details) . 

An S0(2n, C)-Higgs bundle is a pair (£, for E a holomorphic vector bundle of rank 
2n with a non-degenerate symmetric bilinear form ( , ), and $ e H°(E, EndgC-E) K) the 
Higgs field satisfying 

($v, w) = — (v, $w). 
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Considering the characteristic polynomial det(i7 — of a Higgs bundle (E, $) one ob- 
tains a 2n-fold cover p : S — > S whose equation is given by 

det(rj - = + aiTy2n-2 + _ _ _ + q^_^^2 ^ 

for a; e H°(S,ic2i) and p„ e H°(S,iC"). Note that this curve has always singularities, which 
are given by tj = 0. The curve S has a natural involution cr(rj) = —r\, whose fixed points in 
this case are the singularities of S. The virtual genus of S can be obtained via the adjunction 
formula, giving gg = 1 -|-4n^(g — 1). Furthermore, one may consider its non-singular model 
p : S — > S, whose genus is 

Ss = Ss- #singularities 

- l + V(g-l)-2n(g-l) 
= l + 2n(2n-lXg-l). 

As the fixed points of a are double points, the involution extends to an involution o" on S 
which does not have fixed points. 

Considering the associated basis of invariant polynomials for each Higgs field <J>, one 
may define the Hitchin fibration 

n-l 

h : ^so(2n.c)^^so(2.,c):=H°(S,iC")©0H°(S,K2^). (2.17) 

i=l 

In this case the line bundle associated to a Higgs bundle is defined on the desingulari- 
sation S of S. Since S is smooth we obtain an eigenspace bundle M c ker(i7 — inside the 
vector bundle E pulled back to S. In particular, this line bundle satisfies 

&*M^M*®{Ks®K*)-\ 
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thus defining a point in Prym(S,S/a-) given by L := M <8) (i^Tg <8)K*)^/^. 

Conversely, a Higgs bundle (E, may be recovered from a curve S with has equation 
17^" + aiTj^""^ + . . . + a„_iTj^ = 0, and a line bundle M on its desingularisation S. Note 
that given the sections 

s = rj2" + air?2"-2 + . . . + a,_^iq^ + 

for fixed p„ with simple zeros, one has a linear system whose only base points are when 
17 = and Pn = 0. Hence, by Bertini's theorem the generic divisor of the linear system 
defined by the sections 5 has those base points as its only singularities. Moreover, as p„ is 
a section of K", in general there are 2n(g — 1) singularities which are generically ordinary 
double points. A generic divisor of the above linear system defines a curve S which has an 
involution (j(ri) = —17 whose only fixed points are the base points. 

The involution cr induces an involution a on the desingularisation S of S which has 
no fixed points, and thus we may consider the quotient S/a and the corresponding Prym 
variety Prym(S,S/d"). Following a similar procedure as for the previous groups C^, a line 
bundle L e Prym(S,S/(T) induces a Higgs bundle (£, where E is the direct image sheaf 
ofM = L(8)(iCs(8)iC*)-^/2. 

It is thus the Prym variety of S which is a generic fibre of the corresponding Hitchin 
fibration. Since a has no fixed points, the genus gg/g. of S/a satisfies 2— 2gs = 2(2—2ggf^). 
Hence, the dimension of the Prym variety Prym(S, S/o") is 

dim(Prym(S, S/(t)) = gg-gs/a 

^^2 2 

l + 2n(2n-l)(g-l) 1 
2 2 
= n(2n-lXg-l). 
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Chapter 3 

Higgs bundles for non-compact real 
forms 

Higgs bundles have been shown to provide an ideal setting for the study of representa- 
tions of the fundamental group of a surface into a simple Lie group (e.g. [Cor88], [D87], 
[Hits 7], [S92]), giving a clear example of the interaction between geometry and topology. 
Topologically, one may study the moduli space (or character variety) of representations of 
the fundamental group of a closed oriented surface in a Lie group. By choosing a complex 
structure on the surface one turns it into a Riemann surface. The space of representations 
then emerges as a complex analytic moduli space of principal Higgs bundles. 

The relation between Higgs bundles and surface group representations was originally 
studied by Hitchin and Simpson for complex reductive groups. The use of Higgs bundle 
methods to study character varieties for real groups was pioneered by Hitchin in [Hit87] 
and [Hit92], and further developed in [G95],[G01]. In particular, the case of G = SL(2,M) 
was studied by Hitchin [Hit87]. 

The results for SL(2,M) were generalised in [Hit92], where Hitchin studied the case of 
G = SL(n,M.). Using Higgs bundles he counted the number of connected components and, 
in the case of split real forms, he identified a component homeomorphic to m'^^'^^^s-s) 
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which naturally contains a copy of a Teichmiiller space. This component, known as the 
Teichmiiller or Hitchin component, has special geometric significance and has subsequently 
been studied by, among others, Choi and Goldman [CG93], [CG97], Labourie [La06], and 
by Burger, lozzi, Labourie and Wienhard [BILW05]. In Chapter 4 we shall consider the 
Teichmiiller component when we study the Hitchin fibration for split real forms. 

Principal Higgs bundles have also been used by Xia and Xia-Markman in [MX02], 
[Xia97], [XiaOO], [Xia03] to study various special cases of G = PU{p,q). Among others, 
Bradlow, Garcia-Prada, Gothen, Aparicio, Mundet and Oliveira have looked at connectivity 
questions in this area (e.g. [BG-PG03], [Ap09], [G-PGM09], [G-POlO], [BG-PGll]). 

The aim of this Chapter is to introduce principal Higgs bundles for real forms. We begin 
by reviewing in Section 3.1 definitions and properties related to real forms of Lie algebras 
and Lie groups ([FS03], [HeOl], [OnVi], [Kn02] and [SW]), and define G-Higgs bundles 
for a real form G. Through the approach of [Hit92], we describe these Higgs bundles as 
the fixed points of a certain involution on the moduli space of G'^ -Higgs bundles. In later 
sections we study G-Higgs bundles for some non-compact real forms G. Further analysis of 
the cases G = SL(2, M), SU{p,q), U{p,q) and Sp{2p,2p) is given in Chapters 5-7. 

3.1 Higgs bundles for real forms 

A theorem by Hitchin [Hit87a] and Simpson [S88] gives the most important property of 
stable Higgs bundles on a compact Riemann surface S of genus g > 2: 

Theorem 3.1. If a Higgs bundle (£, is stable and deg £ = 0, then there is a unique unitary 
connection A on E, compatible with the holomorphic structure, such that 

[$,$*] =0 ef^i'Hs,End£), (3.1) 

where F4 is the curvature of the connection. 
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The equation (3.1) and the holomorphicity condition d^^ — are known as the Hitchin 
equations, where d^^ is the anti-holomorphic part of the covariant derivative of Fol- 
lowing [Hit92], the above equations can also be considered when A is a connection on a 
principal G-bundle P, where G is the compact real form of a complex Lie group C^, and 
a — > —a* is the compact real structure on the Lie algebra. This motivates the study of Higgs 
bundles for real forms. In this section we shall first give a background on real forms for 
Lie groups and Lie algebras, and then introduce G-Higgs bundles for a real form G of a 
complex semisimple Lie group . 

3.1.1 Real forms 

Let q'^ be a complex Lie algebra with complex structure i, whose Lie group is G'^. 
Definition 3.2. A real form o/g'^ is a real Lie algebra which satisfies 

g' = g©i0. 

Given a real form g of g'^, an element Z e g'^ may be written as Z = X + iY for X ,Y ^ g. 
The mapping 

X + iY^X-iY (3.2) 

is called the conjugation of g'^ with respect to g. A real form of g'^ can also be seen as follows: 

Remark 3.3. A real form g o/g'^ is given by the set of fixed points of an antilinear involution 
T on q'^, i.e., a map satisfying 

t(t(X))=Z, t(zX) = zt(X), 

t(x + y) - t(x) + T(y), t([x, y]) = [t(x), T(y)], 

for X, y e g'^ and z e C. Note that conjugation with respect to g satisfies these properties. 
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Real forms of complex Lie groups are defined in a similar way. 

Definition 3.4. A real form of a complex Lie group is an antiholomorphic Lie group auto- 
morphism T of order two: 

T.G'^G", T^^Id. (3.3) 
Recall that every element X & q"^ defines an endomorphism adX of q'^ given by 

adX(y) = [X, Y] for Y e q". 
For Tr the trace of a vector space endomorphism, the bilinear form 

B(X,y) = Tr(adXady) 
on g'^ X q'^ is called the Killing form of q'^. 

Definition 3.5. A real Lie algebra g is called compact if the Killing form is negative definite 
on it. The corresponding Lie group G is a compact Lie group. 

The definition of compact real Lie algebras can be considered in the context of real 
forms, obtaining the following classification. 

Definition 3.6. Let q be a real form of a complex simple Lie algebra q'^, given by the fixed 
points of an antilinear involution t. Then, 

• if there is a Cartan subalgebra invariant under t on which the Killing form is negative 
definite, the real form q is called a compact real form. Such a compact real form of q'^ 
corresponds to a compact real form G of G'^; 

• if there is an invariant Cartan subalgebra on which the Killing form is positive definite, 
the form is called a split (or normal) real form. The corresponding Lie group G is the 
split real form of C^. 
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Any complex semisimple Lie algebra q'^ has a compact and a split real form which are 
unique up to conjugation via Autcg*^. 

Remark 3.7. Recall that all Cartan subalgebras t) of a finite dimensional Lie algebra g have 
the same dimension. The rank of g is defined to be this dimension, and a real form q of a 
complex Lie algebra q'^ is split if and only if the real rank of q equals the complex rank of q'^. 

Example 3.8. The split real forms of the classical complex semisimple Lie algebras are 

• st(n,M)o/s[(n,C); 

• so(n, n + l) o/so(2n + 1, C); 

• sp(n,M) o/sp(n,C); 

• so(n, n) o/so(2n, C). 

The compact real forms of the classical complex semisimple Lie algebras are 

• su(n) o/s[(n, C); 

• so(2n + 1) o/so(2n+ 1,C); 

• sp(n) of sp(n,C); 

• so(2n) o/so(2n,C)- 

An involution of a real semisimple Lie algebra g such that the symmetric bilinear form 

Be(,X,Y) = -B{X,eY) 

is positive definite is called a Cartan involution. Any real semisimple Lie algebra has a 
Cartan involution, and any two Cartan involutions 01,02 of g are conjugate via an auto- 
morphism of g, i.e., there is a map if in Autg such that LpOiip~^ = 62- The decomposition 
of g into eigenspaces of a Cartan involution 6 is called the Cartan decomposition of g. The 
following result (e.g. see [Kn02] ) relates Cartan involutions and real forms: 
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Proposition 3.9. Let g'^ be a complex semisimple Lie algebra, and p the conjugation with 
respect to a compact real form of q'^. Then, p is a Cartan involution of q. 

Consider a compact real form u of a complex semisimple Lie algebra g'^, and denote by 
6 : u — > u an involution of u. 

Proposition 3.10 ([HeOl]). Any non-compact real form Qofa complex simple Lie algebra q'^ 
can be obtained from a pair (u, 6), for u its compact real form and 6 an involution on u. 

For completion, we shall recall here the construction of real forms from [HeOl]. Let f) 
be the +l-eigenspaces of 6 and im the — 1-eigenspace of 9 acting on u. These eigenspaces 
give a decomposition of u into 

u = [) © im, (3.4) 

Note that 

fl' = b©m®i(f)®m), (3.5) 

and thus there is a natural non-compact real form q of q'^ given by 

g = f) © m. (3.6) 

Moreover, if a linear isomorphism 6q induces the decomposition as in (3.6), then 6q is a 
Cartan involution of q and [) is the maximal compact subalgebra of g. 

Following the notation of Proposition 3.10, let p be the antilinear involution defining 
the compact form u of a complex simple Lie algebra g'^ whose decomposition via an involu- 
tion 6 is given by equation (3.4). Moreover, let t be an antilinear involution which defines 
the corresponding non-compact real form g = fi©m of g'^. Considering the action of the two 
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antilinear involutions p and t on g"^, we may decompose the Lie algebra q'^ into eigenspaces 

= (,(+>+) e m^-'+) © (im)^+'-^ © (if))^"'"l (3.7) 

where the upper index (•, •) represents the ±-eigenvalue of p and t respectively. 

From the decomposition (3.7), the involution 6 on the compact real form u giving a 
non-compact real form g of q'^ can be seen as acting on g'^ as 

a := pT. 

Moreover, this induces an involution on the corresponding Lie group 

Remark 3.11. The fixed point set q"^ of a is given by g"^ = f) © it), and thus it is the complexi- 
fication of the maximal compact subalgebra f) of g. Equivalently, the anti-invariant set under 
a is given by m^. Examples of this are given in Section 3.2 through Section 3.4. 

3.1.2 Higgs bundles for real forms 

As mentioned in Chapter 1, non-abelian Hodge theory on the compact Riemann surface S 
gives a correspondence between the moduli space of reductive representations of 7r^(E) in 
a complex Lie group and the moduli space of G'^ -Higgs bundles. The anti-holomorphic 
operation of conjugating by a real form t of in the moduli space of representations 
can be seen via this correspondence as a holomorphic involution 6 of the moduli space of 
G'^ -Higgs bundles. 

Following [Hit87a], in order to obtain a G-Higgs bundle, for A the connection which 

33 



Chapter 3. Higgs bundles for non-compact real forms 



solves Hitchin equations (3.1), one requires the flat GL(n, C) connection 

V = Va + ^ + ^* (3.8) 

to have holonomy in a non-compact real form G of GL(n, C), whose real structure is t and 
Lie algebra is g. Equivalently, for a complex Lie group with non-compact real form G 
and real structure t, one requires 

V- V^ + <I>-p(<J>) (3.9) 

to have holonomy in G, where p is the compact real structure of C^. Since A has holonomy 
in the compact real form of C^, we have pCV^^) = V^. Hence, requiring V = t(V) is 
equivalent to = T(Vy^) and $ — p($) = t($ — p($)). In terms of cr = pr, these two 
equalities are given by cr(Vy^) = V^^ and 

$-p($) = T($-p(*)) 
= t($)-o-(*) 

= (7(p(<f)-$). 



Hence, V has holonomy in the real form G if is invariant under cr, and $ anti- 
invariant. In terms of a -Higgs bundle (P, <I>), one has that for and T two trivialising 
open sets in the compact Riemann surface S, the involution cr induces an action on the 
transition functions : n y — > given by 

guv ^ Cr(gi,y)> 

and on the Higgs field by sending 

^> >-> — cr($). 
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Concretely, from Remark 3.11, for G a real form of a complex semisimple lie group G*^, 
we may construct G-Higgs bundles as follows. For H the maximal compact subgroup of G, 
we have seen that the Cartan decomposition of q is given by 

Q = t}®m, 

for f) the Lie algebra of H, and m its orthogonal complement. This induces the following 
decomposition of the Lie algebra g'^ of G'^ in terms of the eigenspaces of the corresponding 
involution a as defined before: 

Note that the Lie algebras satisfy 

[!)>()] '^f)> [f),m]cm, [m,m]c[), 

and hence there is an induced isotropy representation 

Adl^c : ^ GI(m'^). 

From Remark 3.11 and the Lie theoretic definition of G'^ -Higgs bundles given in Defini- 
tion 2.8 in Chapter 2, one has a concrete description of G-Higgs bundles (for more details, 
see for example [BG-PG06] ): 

Definition 3.12. A principal G-Higgs bundle is a pair (P, $) where 

• P is a holomorphic principal -bundle on 2, 

• $ 15 a holomorphic section of P x^^ m"' <S) K. 

Example 3.13. For a compact real form G, one has G = H and m = {0}, and thus a is the 
identity and the Higgs field must vanish. Hence, a G-Higgs bundle in this case is just a principal 
G'- bundle. 
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In terms of involutions, from the previous analysis we have the following: 

Remark 3.14. Let Gbea real form of a complex semi-simple Lie group C^, whose real structure 
is T. Then, G-Higgs bundles are given by the fixed points in of the involution 6 acting 

by 

6: (P,^>)^(a(P),-CTm 

where u = pr, for p the compact real form of C^. 

Similarly to the case of -Higgs bundles, there is a notion of stability, semi stability and 
polystability for G-Higgs bundles. Following [BG-PG03, Section 3] and [BG-PG06, Section 
2.1], one can see that the polystability of a G-Higgs bundle for G c GI(n, C) is equivalent to 
the polystability of the corresponding GL(n, C)-Higgs bundle. However, a G-Higgs bundle 
can be stable as a G-Higgs bundle but not as a GI(n, C)-Higgs bundle. We shall denote by 
the moduli space of polystable G-Higgs bundles on the Riemann surface S. 

Remark 3.15. One should note that for Qq the involution on Mq<^ associated to the real 
form G of C^, a fixed point of Qq in gives a representation o/7ii(S) into the real form 
G up to the equivalence of conjugation by the normalizer of G in C^. This may be bigger 
than G itself and thus two distinct classes in Mq could be isomorphic in via a complex 
map. Hence, although there is a map from to the fixed point subvarieties in ^qc, this 
might not be an embedding. Research in this area is currently being done by Garcia-Prada and 
Ramanan (detaib of the forthcoming work were given in [G-P-Talk06]). The reader should 
refer to [G-PGM09] for the Hitchin-Kobayashi type correspondence for real forms. 

As mentioned in Chapter 2, the moduli spaces have a symplectic structure, which 
we shall denote by co. Moreover, following [Hit87a], the involutions Qq send co >-> -co. 
Thus, at a smooth point, the fixed point set must be Lagrangian and so the expected dimen- 
sion of ^Q is half the dimension of . 
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By considering Cartan's classification of classical Lie algebras, we shall now construct 
explicitly the antilinear involutions giving rise to non-compact real forms of a classical com- 
plex Lie algebra q'^ . The Lie groups for the classical simple complex Lie algebras and their 
compact real forms are: 



Lie algebra g*^ Lie group G'^ Compact real form u dim u 



a„(n>l) SLin + 1,C) 

b„(n>2) S0{2n + l,C) 

c„(n>3) Sp(2n,C) 

3n(n>4) S0(2n,C) 



su(n-l-l) nin + 2) 

so{2n + l) ni2n + l) 

spin) n{_2n + l) 

so(2n) n(2n-l) 



Table 3.1: Compact forms of classical Lie algebras 



In the following sections we shall study all the non-compact real forms G, with Lie 
algebras q, of classical complex Lie groups C^, which we obtain by using the methods 
described in Proposition 3.10. For this, we consider the compact real forms u as in Table 
3.1, and look at the non-compact real forms corresponding to different involutions 6. For 
each non-compact real form g = f) © m of g'^ with Lie group G, we describe the vector space 
associated to f)^ and give a description of the corresponding G-Higgs bundles. In order to 
understand G-Higgs bundles as fixed points of the associated involution 9 acting on the 
moduli space of G'^ -Higgs bundles, we study the action of — cr on the corresponding Hitchin 
base. Note that for classical Lie algebras a basis for the ring of invariant polynomials is given 
by the coefficients of the characteristic polynomial of elements in the algebra, or factors of 
them. 

Remark 3.16. Let q'^ be one of the classical Lie algebras sl(n,C), 5o(2n + l,C\ and sp[2n,C). 
Then, for tt : g'^ — > g[(V) a representation of q'^, the ring of invariant polynomials of q'^ is 
generated by Tr(n[xy), for i e N and X e g'^. 
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For J„ the unit matrix of order n, we denote by Ip ^, J„ and JC^ g the matrices 

A f 



f 



-Ip 



> "In ~ 



V 







-Ip 











\ 


















7„ 









I, 










K — 














-In ^ 












-Ip 









I 











I, 


J 



(3.10) 



3.2 Real forms of S Lin, C) 

3.2.1 G = SL{n,R) 

Consider the compact form u = su(n) of g*^ = sl(n, C) and the involution 

e{x)=x. 

In this case the decomposition u = f) © im is given by 
f) = so(n), 

im = {symmetric, imaginary nx n matrices of trace 0}. 
Hence, the induced non-compact real form g = f) © m is 

g = s[(n,M) = {nx n real matrices of trace 0}, 

which is the split real form of s[(n, C). 

The antilinear involution on g'^ defining g is t(X) = X. The compact real structure is 
p(X) = — X*^ on 6[(n, C), and the involution relating both real structures on s[(n, C) is 

u{X)^ Pt{X) = -X\ (3.13) 
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(3.11) 
(3.12) 



3.2. Real forms o/SL(n,C) 



Following Remark 3.14, we are interested in understanding the action of the involution 
induced from (3.13), acting on SL(n, C)-Higgs bundles (£, 

Proposition 3.17. The involution a induces the involution 

on the moduli space ofSL[n,C) Higgs bundles. Thus, SL(n,M.)-Higgs bundles are given by the 
fixed points of 9 corresponding to automorphisms f : E ^ E* giving a symmetric form on E. 

Recalling that the trace is invariant under transposition, one has that the ring of invari- 
ant polynomials of g'^ is acted on trivially by the involution —a induced by (3.13). 



3.2.2 G = Sf/*(2m) 



Consider the compact form u = su(2m) of g*^ = s[(n, C), for n = 2m, and let 



for 



^ 



In this case, we have that u = f) © im for 



f) = 



im 




Z, -Z 



' J 



Zj e su(m), Z2 e so(m, C) 



(3.14) 
(3.15) 
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The induced non-compact real form 3 = f) © m is 



= su*(2m) = 



Z2 



J 



Zi,Z2 mx m complex matrices, 
TrZi + TrZ 1 = 



The antilinear involution on g'^ which fixes g is 



t{X) = J^XJ-\ 



(3.16) 



The compact real structure of 6[(2m, C) is given by p(X) = —X , and the involution relating 
the compact structure and the non-compact structure t is 



(3.17) 



Proposition 3.18. The involution a induces an involution 

e : 

on SL(2m, C) Higgs bundles. Since the maximal compact subgroup of SU*(2m) is Sp(m), the 
isomorphism classes of SU*{2m)-Higgs bundles are given by fixed points of the involution 
corresponding to vector bundles E which have an automorphism f : E ^ E* endowing it with 
a symplectic structure, and which trivialises its determinant bundle. 

Concretely, S[/*(2m)-Higgs bundles are defined as follows: 

Definition 3.19. An SU*{2m) Higgs bundle on a compact Riemann surface S is given by 



(£, for 



E a rank 2m vector bundle with a symplectic form co 
$ e H°(S, Endo(-E) <S> K) s3Tnmetric with respect to oj. 



As the trace is invariant under conjugation and transposition, one has that the involu- 
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tion —cr(X) = J^X'^J^^ induced from (3.17) acts trivially on the ring of invariant polyno- 
mials of s[(2m, C). 

3.2.3 G = SU{p,q) 

Consider the compact form u = su(p + q) of g'^ = s((n, C), for p + q = n, and the involution 

6(X) = IpqXIpq, 



where 7^ g is defined at (3.10). The compact form may be decomposed via the action of 6 
as u = f) © im for 



aeu(p), beu(q) 
Tr(a + b) = 



(3.18) 







[ V 



-r 



Z p X q complex matrix 



(3.19) 



The induced non-compact real form g = [) © m is 



su(p,q) = ^ 





( z z^ 























Zj, Z3 skew Hermitian of order p and q, 
TrZi -I- TrZs = , Z2 arbitrary 



Considering the composition 6p on sl(p-l-q, C), for p the antilinear involution p(X) = —X*, 
we have that 



0p 





















V 



-z' -z' 



z' -z' 

\^ ^2 ^^4 y 
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The fixed set of the antihnear involution 9p is precisely su(p, q) and hence the antilinear 
involution on g'^ which fixes q is t(X) — —Ip ^x'^Ip q. The compact real structure is given by 
p(X) = —x'^ on s[(n, C), and the involution relating both structures on sl(n, C) is 

CT(X) = /p_qX/p_q. (3.20) 

Proposition 3.20. The involution a on the Lie algebra induces an involution & on the moduli 
space of SL(n,C)-Higgs bundles given by 

Hence, SU(p,q) Higgs bundles are fixed points of the involution corresponding to bundles E 
which have an automorphism conjugate to 1^^^ sending $ to — and whose ±1 eigenspaces 
have dimensions p and q. 

The centre of SU(p,q) is [/(I), and its maximal compact subgroup is given by 

H = S([/(p) X [/(q)), 

whose complexified Lie group is 

H^^S(GL(p,C)xGL(q,C))-{(X,F)eGL(p,C)xGL(q,C) : detF - (detX)"^. 

By considering the Cartan involution on the complexified Lie algebra of Sf/(p,q) one has 

suip,qf - s[(p + q, C)^i)^® xrf, 

where m"' corresponds to the off diagonal elements of s[(p + q,C). Hence, SJ7(p,q)-Higgs 
bundles are defined as follows: 
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Definition 3.21. An SU{p,q)-Higgs bundle over H is a pair (£, $) where E — Vp ®Vq for 
Vp, Vq vector bundles over S of rank p and q such that A^Vp = A'^V*, and the Higgs field $ is 
given by 



(3.21) 



/or /3 : Vq ^ Vp and y : Vp ^ Vq<S> K. 



In this case cr is an inner automorphism of s[(p + q,C) and hence the invariant poly- 
nomials are acted on trivially by this involution. Then, when considering the action of — cr 
one has that for p an invariant polynomial, 

[-a*pXX) = p(-cj(X)) = p(-X), 

and so the involution —u acts trivially on the polynomials of even degree. 



3.3 Real forms of SO(n, C) 

3.3.1 G^SOip,q) 

Let u = 5o(p + q) be the compact form of q'^ = so(n, C) for p + q = n, and take 

eiX) = Ip^qXIp^q for p>q, 

where Ip ^ is defined at (3.10). Some details of the following constructions can be found in 
[Ap09, Chapter 3]. 
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Considering the action of 6, the decomposition u = fi © im is given by 



i) = 



V 



Xs 



Xi eso(p), X3 eso(q) 



^ ^ 1X2 ^ 



X2 real p x q matrix 













Xi X2 








^^2 J 







The induced non-compact real form g = [) © m of so(n, C) is 

All Xj real , X^ arbitrary, 

In this case, the parity of p + q gives the following: 

• if p + q is even, g is a split real form if and only if p = q; 

• if p + q is odd, g is a split real form if and only if p = q + 1. 

The involution X >-> Ip ^XIp^^ fixes the matrices in so(p + q, C) of the form 



f 




1X2 










^1 










V 




X3 


J 









(3.22) 



(3.23) 



where X; are all real, X2 is arbitrary and XijX^ are skew symmetric. 

The antilinear involution on g'^ which fixes g is t(X) — Ip ^XIp ^. Note that the real struc- 
ture T commutes with the compact real structure p(X) =X on g'^, and thus the involution 
relating both structures on g'^ is 



(3.24) 



Proposition 3.22. The involution a induces an involution 6 : (E, (£,—$) on the 
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moduli space of SO[p + q,C) Higgs bundles. The SO[p,q) Higgs bundles are fixed points of 
this involution corresponding to vector bundles E vi^hich have an automorphism f conjugate to 
Ip q sending $ to — $ and whose ±1 eigenspaces have dimensions p and q. 

The vector space V associated to the standard representation of can be decomposed 
into V = Vp ® Vq, for Vp and complex vector spaces of dimension p and q respectively, 
with orthogonal structures. The maximal compact subalgebra of so(p,q) is li = so(p)xso(q) 
and thus the Cartan decomposition of the complexification of 6o(p,q) is given by 

6o(p, q)^ = so(p + q, C) = (so(p, C) © so(q, C)) © m*^. 



where 



I V 



4 J 



X2 real p x q matrix 



} . 



Definition 3.23. An SO(p, q) Higgs bundle is a pair (£, where E = Vp®Vq for Vp and 
complex vector spaces of dimension p and q respectively, with orthogonal structures, and the 
Higgs field is a section in H°(S, (Hom(V„, V) © Hom(V V)) (g> K) given by 



$ = 



f \ 
' 13 



for r = -^ > 



where (3^ is the orthogonal transpose of 13. 

Since the ring of invariant pol3Tiomials of g'^ = 50 (2m + 1, C) is generated by Tr(X') for 
X e q'^, for p + q = 2m + 1 one has 

- pi-aiX)) = pi-X) - piX') = 

Therefore, the involution —a acts trivially on the ring of invariant polynomials of the Lie 
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algebra so(2m + 1, C), i.e., when p and q have different parity. 

In the case of so(2m, C), for 2m = p + q, the ring of invariant pol}Tiomials is generated 
by Tr(X') for X e g'^ and i < 2m, together with the Pfaffian p^, which has degree m (e.g. 
see [A89]). Note that when the automorphism f of E has determinant 1, i.e., when p and 
q are even, the involution cr preserves orientation. Hence, if p = q mod 4, one has 

Pm(~cr(X)) — cr*p^(— X) by definition 

= X) since cr preserves orientation (3.25) 

= PmO^) since is of even degree. 

Thus, the involution —a acts trivially on the ring of invariant polynomials of so(2m, C) 
when p and q are even and congruent mod 4. In particular, this is the case of the split real 
form SO{p,p) for even p. 

When p and q are odd, the involution cr is orientation reversing, and thus one has 

cr(X)) = cr*p^(— X) by definition 

= — X) since cr reverses orientation (3.26) 
= Pmi^X) if is of odd degree. 

Hence, for p and q odd, —a acts trivially on the ring of invariant polynomials of so(2m, C) 
if p = q mod 4. 

3.3.2 G = S0*(2m) 

Let u = so(2m) be the compact form of 5o(n, C), for 2m = n, and consider the involution 

0(X)-J^XJ-i, 

where is given at (3.10). 
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The action of 6 decomposes the compact form mto u — \)®im for 



im = •( 



u(m) = so(2m) n 6p(m), 
Xi X2 



[ V 



Xn -X 



' J 



(3.27) 
(3.28) 



The induced non-compact real form g = [) © m is 



Q = so*(2m) = ^ 



-z, z 



' J 



Zi,Z2 m X m complex matrices 
Zi skew symmetric, Z2 Hermitian 



The antilinear involution on g which fixes g is given hy t(X) = J^XJ^ . The real struc- 
ture T commutes with the compact real structure p(X) =X on g'^, and thus the involution 
relating both structures on g'^ is 



(3.29) 



Proposition 3.24. The involution a induces an involution Q : (£, 4>) >-> (£,—$) on the 
moduli space of S0(2m,C) Higgs bundles. Hence, S0*(2m)-Higgs bundles are fixed points of 
6 corresponding to vector bundles E v^^hich have an orthogonal automorphism f conjugate to 
Jjn, sending $ to — $ and which squares to —1, equipping E with a symplectic structure. 

When considering f)*^, the vector space associated to its standard representation has an 
orthogonal and symplectic structure J. Since = J*^ and = —1, the vector space may 
be expressed in terms of the ±i eigenspaces of J as 

E = V®V*, 

for V a rank m vector space. Thus, we have the following definition: 
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Definition 3.25. An S0*(2m) -Higgs bundle is given by a pair (£, where E = V ®V* for 
V a rank m holomorphic vector bundle, and where the Higgs field ^> is given by 



V 



Y 



for 



Y : V ^ V* IS) K satisfying y = —y'^ 
13 : V* ^ViS)K satisfying /3 = -/3' 



Since det(J^) = 1, the involution a is an inner automorphism of g'^ = so(2m, C) and 
thus it acts trivially on the ring of invariant polynomials. Furthermore, for the same rea- 
sons as in the previous case, the involution —a also acts trivially on the ring of invariant 
polynomials of g'^. 



3.4 Real forms of Sp(2n, C) 

3.4.1 G = Sp(2n,E) 

In this section and the one which follows we consider the non-compact real forms of the 
complex Lie group Sp(2n, C). For this, recall that the symplectic Lie algebra sp(2n, C) is 
given by the set of 2n x 2n complex matrices X that satisfy J„X -t-X^^J^ = or equivalently, 
X = —J~^X^Jn- Let u be the compact real form u = sp(n) and 

e{x)=x, 

which can be written as 6{X) = J^XJ~^. The Lie algebra sp(n) is given by the quaternionic 
skew-Hermitian matrices; that is, the set of n x n quaternionic matrices X which satisfy 
X = —x\ The compact form may be decomposed as u = fi © im, for 



f) = 



u(n) = 5o(2n)nsp(n) 



im 



z, -z 



' J 



Zi e u(n), purely imaginary 
Z2 symmetric, purely imaginary 



(3.30) 
(3.31) 
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The induced non-compact real form 3 = f) © m is 



if 

A 



Xi X2 

X3 -X'. 



1 J 



Xi real nx n matrices 
X2,X^ symmetric 



which is a split real form of g'^ . 

The antilinear involution on 6p(2n, C) which fixes g is given by t(X) = X, and the 
compact real structure of q'^ is given by p(X) = J„XJ~^. Hence, the involution relating 
both real structures on q'^ is 

C7(X) =J„Xj;i. (3.32) 
Proposition 3.26. The involution a induces an involution 

e: (£,<J>)-^ (£,-$) 

on the moduli space of Sp(2n, C) Higgs bundles. Hence, Sp[2n,M.)-Higgs bundles are given by 
the fixed points of B corresponding to vector bundles E which have a symplectic isomorphism 
sending $ to — and whose square is the identity, endowing E with an orthogonal structure. 

As in the previous case, the 2n dimensional vector space associated to the standard 
representation of fi"' has an orthogonal and a s3Tnplectic structure J, and hence it may be 
expressed in terms of the ±i eigenspaces oi J as E = V ®V* . 

Definition 3.27. An Sp(2n, M)-Higgs bundle 15 given by a pair (£, where E = V ®V* for 
V a rank n holomorphic vector bundle, and for $ the Higgs field given by 



Y 



for 



Y : V —> V* <Si K satisfying 7 = y*^ 



13: V* ^V(^K satisfying 13 = 13'^ 
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The invariant polynomials of g*^ are of even degree, and hence the involution —a in- 
duced from (3.32) acts trivially on them. 

3.4.2 G = Sp{2p,2q) 



Finally, w^e shall consider the compact real form u = sp(p + q) of Sp(2(p + q), C) and the 
involution 

6{X) = KpqXKpq, 



where 



^ -Ip ^ 



/„ 







-7p 



V 







h J 



as at (3.10). The action of 6 on the compact form u gives a decomposition u = f) © im for 



if 



if 








■^13 


^ 





■^22 





■^24 


"■^13 













"■^24 





■^22 J 





■^12 





^14 



'14 





— Z]^4 





^14 



12 





Zi2 





Zii e u(p), Z22 e u(q), 
Zi3 p X p, Z24 q X q 
symmetric matrices. 



Z12 and Zi4 arbitrary, 
complex p X q matrices. 



Note that f) ^ sp(p) © sp(q) via the map 



( 


Zn 





Zl3 












Z22 





Z24 






~Zi3 





Zii 







V 





~Z24 





Z22 


J 



-11 



-Zi 



-13 



Zi 



1 J 



^22 



-z. 



^24 



-22 J 
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Then, the induced non-compact real form g = [) © m is 



f 




Z\2 


■^13 


z 






Z22 


^14 


Z2A 




~Z\^ 






~Z\2 


V 


-A. 


"■^24 


^12 


Z22 J 



Z; J complex matrices, 

Zii, Zi3 order p, 
Z12, Z14 p X q matrices. 



Zii, Z22 sicew Hermitian, 



Z]^3, Z24 symmetric. 



Considering the antilinear involution —Kp qX*Kp q on sp(2(p + q), C) one has that 



f 


Zn 


Z12 


Zl3 


Z14 


\ 






-z\ 


^21 


-^3. 


Z41 






Z21 


Z22 


^14 


■^24 




1 > 




^12 
^13 


^22 


z\. 


^42 






Z31 


Z41 


-Z^ 
^11 


-Z^ 

^21 








Z14 


211 


~Zl2 






^41 


Z42 


-Z^ 

^12 


-Z^ 

^22 


J 




I 


^14 


-z' 

^24 


"■^21 


Z22 





(3.33) 



Here, Z24, Z31, and Z42 are symmetric matrices. 

The antilinear involution on g'^ = sp(2(p + q), C) which fixes g = sp(p,q) is given 
by t(X) = —Kp qX*Kp q. The real structure t commutes w^ith the compact real structure 
p(X) = Jp_^_qXJp^^ on g'^. Let Kp ^ be defined as 

























h 














-I, 









(3.34) 



Then, the involution relating both structures on g'^ is 
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Note that t)^ = sp(2p,C) ©5p(2q,C). The vector space E associated to the standard 
representation of f)"' may be expressed as £ = ® ^2q' for ^2p ^i^d vector spaces of 
dimension 2p and 2q respectively, which have symplectic structures. The maximal compact 
subgroup of Sp(2p,2q) is 

H = Spip) X Sp(q). 

Then, one can decompose the complexification of the Lie algebra 6p(2p, 2q) as follows: 

6p(2p, 2q)'^ = sp(2(p + q), C) = (sp(2p, C) © sp(2q, C)) © m*^, 
where the Lie algebra m'^ c sp(p + q, C) is given by matrices of the form 



r 






Zl2 





Zi4 


■^21 





z' 

^14 








Z41 





-z^ 

^21 


^41 





-z^ 

^12 






We shall define 



f 



B :-- 



-12 ^14 



Z41 



-z' 

"^21 y 



and C 



^21 

Z^ 
\^ "^41 



-Z^ 
^12 y 



Note that if Z12 - Z21 = 0, then B = C^. With this notation, one has that 



m 



r \ 
' > 



^ 



for C a (2q x 2p) matrix 



Proposition 3.28. The involution a on the Lie algebra sp(2(p + q), C) induces an involution 



9: 
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on the moduli space o/Sp(2(p +q), C)-Higgs bundles. Hence, Sp{p, q)-Higgs bundles are given 
by the fixed points of the involution Q corresponding to symplectic vector bundles E which have 
an endomorphism f : E ^ E conjugate to Kp q defined as at (3.34), sending $ to the symplectic 
transpose and whose ±1 eigenspaces are of dimension 2p and 2q. 

Definition 3.29. An Sp(2p, 2q)-Higgs bundle is given by a pair (E, where £ = © ^2q 
is a direct sum of symplectic vector spaces of rank 2p and 2q, and where the symplectic Higgs 
field is given by 

f ^\ ( 

r ■.V2p^V2q®K 







-r 








for 1 











r ■.v2q^v2p^K 



for 7^ the symplectic transpose of y. 



The symplectic transpose of the map y may be thought of as follows. Since V and 
W are symplectic vector bundles, there are two induced isomorphisms qy : V* — > V and 
qiv : W — > W*. Via these isomorphisms, we define y^ = qyy'^qy^, where y'^ is the dual action 
of y. 

As the trace is invariant under conjugation and transposition, the involution —a in- 
duced from (3.35) acts trivially on the ring of invariant polynomials of the Lie algebra 
0^-sp(2(p + q),C). 



3.5 A geometric consequence 

Having studied the action of the different involutions — cr on the ring of invariant polyno- 
mials of each complex simple lie algebra g'^, we have the following. 

Proposition 3.30. For each non-compact real form of q'^ — so(2m + 1, C) and g'^ = sp(2n, C), 
the corresponding involution —a acts trivially on the ring of invariant polynomials of g'^. 
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Hence, for = Sp(2n,C) and S0(2m + 1,C), the induced involutions 

e :(£,*)^(c7(£),-ct($)) 

on the moduH spaces preserve each fibre of the Hitchin fibration. In the case of 
S0(2m, C) one has two different situations: 

Proposition 3.31. For q'^ = so(2m, CX the action of the different involutions —a is given as 
folloM/s: 

• the involution —a associated to S0*{2m) acts trivially on the ring of invariant polyno- 
mials of g'^; 

• the involution —u induced by SO{p,q) for p and q both even, or both odd, acts trivially 
on the invariant polynomiab ofso(2m, C)ifp = q mod 4. Otherwise, it acts trivially on 
the basic polynomials except for the Pfaffian. 

From Proposition 3.31, each fibre of the S0(2m, C) Hitchin fibration is preserved by the 
involution 6 defining the real form S0*(2m), and by the involution defining the real form 
SO(p, q) only if p = q mod 4. 

Proposition 3.32. Consider g'^ — s[(n, C). Then, 

• the involution — cr associated to the non-compact real forms s[(n, M) and su*(2m), when 
n = 2m, acts trivially on the ring of invariant polynomials of q'^; 

• the involution —a associated to the non-compact real form su(p,q) of slip + q,C) acts 
trivially only on the invariant polynomials of even degree. 

From Proposition 3.32, the involution —a induces 6 : (P, >-> (cr(P), — cr($)) on 
the moduli space of SL(n, C)-Higgs bundles, which preserve each fibre of the SL(n, C) 
Hitchin fibration except when a corresponds to the real form SU{p,q). In this case, only 
preserves the fibres over differentials of even degree. 
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Chapter 4 

Higgs bundles for split real forms 



As mentioned in Chapter 3, in [Hit92] Hitchin gives an explicit description of a component 
of the space of representations of 7ii(S) into split real forms in terms of Higgs bundles. In 
this chapter we shall consider this component to study the space of Higgs bundles for split 
real forms. 

We begin by introducing three dimensional subalgebras as defined by Kostant (see 
[Kos59], [Kos63]), and follow the steps in [Hit92] to define an involution cr^ on a complex 
Lie algebra which is closely related to its split real form, and which coincides in the case of 
classical groups with the involution a associated to split real forms as defined in Chapter 
3. By means of the involution in the Lie theoretic setting, in Section 4.2, we study the fixed 
points of the induced involution on the Hitchin fibration for the corresponding complex 
Lie group. 



4.1 An algebraic approach 



In this section we set up the Lie theoretic background needed to study Higgs bundles for 
split real forms. We shall denote by q'^ a complex simple Lie algebra of rank r. 
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4.1.1 Three dimensional subalgebras 

From [Kos59] we consider the following subalgebra of a complex simple Lie algebra g'^ (see 
also details in [Hit92, Section 4]): 

Definition 4.1. A three-dimensional subalgebra s o/g'^ is a subalgebra of q'^ generated by a 
semisimple element h^, and nilpotent elements e^ and /o of q'^ satisfying the relations 

[ho,eo] - eo ; [/JoJol ^ -/o ; [eoJol ^ ^o- (4.1) 

By the Jacobson-Morosov lemma (see [J51] and [Mor42]), any nilpotent element of g'^ 
can be embedded into a three dimensional subalgebra whose generators satisfy (4.1), i.e., 
a copy of 6[(2, C) in g'^. A nilpotent element eg e g'^ is called principal if its centralizer is r- 
dimensional. When the nilpotent elements of a three-dimensional subalgebra are principal, 
the subalgebra is called a principal three dimensional subalgebra. Any complex simple Lie 
algebra g'^ has a unique (up to conjugacy) principal three dimensional subalgebra [Kos59, 
Section 5]. 

Following [Kos59, Section 5], one may construct a principal three dimensional subal- 
gebra of a complex simple Lie algebra g'^ as follows. Consider f) a Cartan subalgebra of g'^, 
and denote by A the root system. For a e A, we let x„ be the root vectors satisfying the 
standard relation 

[Xq,, a. 

We write A"*" for a system of positive roots and define U — {a^, . . . , a,.} the correspond- 
ing simple roots. Let {ha.,ea,e_a} be a fixed basis, for a e A"*" and a; e n, and the 
element defined by 

ho~]-J]h,^. (4.2) 
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Then, Jiq may be expressed as 

r 

i=l 

for some positive half integers r^. By considering the numbers r;, we further define /q and 
Cq as follows: 

r 

i=l 
r 

/o := I](r;/q)e_„,, (4.4) 

i=l 

where {cj -^j are any non-zero complex numbers. The subalgebra generated by {hg, eo>/o} 
is a principal three dimensional subalgebra. 

Given a root A e A, the order o(A) of A is the integer 



o(A) - 2 (4.5) 
aen 

where n„ e N are uniquely defined by 

aen 

Let xp be the highest root. Then, we may write 

r 
i=l 

Remark 4.2. Considering Cq and /g as defined as in (4.3) and (4.4), for C; := ^q" and r; = q;, 
the subalgebra 

5o=<ip,eo,fo> (4.6) 

is a principal three dimensional subalgebra of q'^. 
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Example 4.3. In the case ofg'^ = sl[n + 1, C), the element /q of a principal three dimensional 
subalgebra can be expressed as 



f 



1 ••• 

1 ■■. : 

■•. ■. 

■• ■• 1 











(4.7) 



In the following sections we shall consider 



^0 — < 60'/o>^0 >l 



(4.8) 



a principal three dimensional subalgebra of g'^, which satisfies (4.1). By means of the 
adjoint representation of Sq we may decompose g'^ into irreducible Sg-modules 



^Vi® ...®V,. 



(4.9) 



The irreducible summands V, satisfy the following properties (see [Kos59, Section 3]): 



• Each V^ is real of dimension 2fc; + 1, where the integers ^c, are the exponents of g'^. 



For {v^j^ , v^j^^^, . . . , } a basis of V;, we have that 



(ad/io)v] 
(adeo)v] 
(ad/o)v] 



(4.10) 
(4.11) 
(4.12) 



• The elements v! are the highest weight vectors and shall be denoted by e; 
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basis for V; is given by 



(adfofci for 0<fc<2fci + l. 



(4.13) 



• Without loss of generality, we shall assume that = So, where Sq is as at (4.8), and 
that the the exponents of q'^ satisfy 



In particular, = Cq. 

For Qj the subspace of g'^ on which ad/ig acts with eigenvalue j, one may decompose the 
Lie algebra q'^ as 



Note, in particular, that e qj^. . 
4.1.2 Compact real structure 

Let be the complex Lie group of the complex simple Lie algebra g'^ . The principal three 
dimensional subalgebra Sq ''O'SO'/o >c defines a homomorphism from SL(2, C) to 
and thus from its compact real form SU{2) to the compact real form U oi C^. 

One can take Sq to be real with respect to the compact real form of C^, and if p is the 
antilinear involution on q'^ defining the compact real form, it acts on the three dimensional 
subalgebra as follows: 



The Lie algebra u of the compact real form U decomposes into the direct sum of the real 



l^ki<k2< ...<k,. 



(4.14) 




(4.15) 



p{ho) = -hQ, p(eo)-/o. 



(4.16) 
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representations, which by abuse of notation we denote Vi,...,V^. In particular, (4.9) is the 
complexification of 

i=l 

4.1.3 A natural involution on Lie algebras 

As before, consider q'^ a complex simple Lie algebra of rank r, and let Sg =< /iq, eo'/o > 
be a principal three dimensional subalgebra as defined at (4.8) in Section 4.1. Denote by 
ei,...,e^ the highest weight vectors of the irreducible representations V^;. Following [Hit92, 
Proposition 6.1] we define the following involution. 

Definition 4.4. There is a natural involution on the Lie algebra q'^ given by 

OsaadfoTe,) = (-l)"+i[ad/o]"e;. (4.17) 

77x15 involution is a Lie algebra automorphism and is uniquely defined by 

crs(ei) = -ei and (t,(/o) = -/q. 

Note that as = eg we have that (ad/o)ei = hg and hence cr^(/io) = ^o- The fixed 
points of CTj are described as follows: 

Proposition 4.5 ([Hit92]). Let g'^ be a complex simple Lie algebra withprincipal three dimen- 
sional subalgebra Sq =< /ioj^O'/o >o ^"'^ the corresponding highest weight vectors. Then, 
the fixed point set of the involution defined in (4.4) is the complexification of a maximal 
compact subalgebra of the split real form g of q'^, as defined in Definition 3.6. 

Proof For completeness, we sketch here the proof given in [Hit92, Section 6] of this propo- 
sition, and refer to interesting results from [Kos59] . Let us consider the usual compact real 
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form p as defined in (4.16), which is the antiUnear extension of 

p(x„) = x_„, p(a) = -a. 

One can see that the principal three dimensional subalgebra SQ—<'ip,eQ,fQ> from Remark 
4.2 is invariant under p. Furthermore, Sq is real with respect to p, and so are the subspaces 
Vj. The involution a^, which acts as ±1 on Vj, preserves the real structure and thus 

CTsP =pcrs ■= 

Then, the map t is an antilinear involution of g'^ which defines another real structure. More- 
over, from this construction, one can see that the involution cr^ considered here coincides 
with the involution a introduced in Chapter 3 associated to split real forms. 

We shall understand the fixed points of by looking at the real structure t. Firstly we 
will show that t is a split real form of g'^ and then we will prove the proposition by looking 
at the fixed points of t. 

From Definition 3.6, in order to show that t is a split real form we need to define an 
appropriate invariant Cartan subalgebra on which the Killing form is positive definite. For 
this, we consider the element z e g'^ given by 

By [Kos59, Lemma 6.4B] the centrahzer g^" = ker(adzo) is a Cartan subalgebra i)' of g*^. 
Let y e g'^ such that [y,Zo] ~ 0- Note that p(zo) — /o + and as xp is the highest root, 

[zo,p(zo)] = [eo + x_^,,fo + x^] 

= IP — ll) 
= 0. 
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Then, f)' is also the centralizer of p(zo) and thus is preserved by the compact real structure 
p. For y e f)' one has [zo>y] = 0- Recalling that ip is the highest root, one can show that 

y = u + v, 

where u commutes with and v commutes with /g. By definition, the involution acts 
as —1 on the centralizer of eg and /q, and hence acts as —1 on f)'. The Cartan subalgebra t)' 
is preserved by t, and for j e ()' fixed by p we have that 

T(iy) = cr,p[iy) = cr,[-iy) = iy. 

Recall that the Killing form restricted to the compact real form p is negative definite. Hence, 
on the fixed points of t, the Killing form is positive definite and thus the real form t is a 
split real form. 

Finally, in order to understand the fixed point set of cr^, we shall treat q'^ as a real Lie 
algebra, and decompose it into the eigenspaces of cr^ and p : 

fl' ^0+©0+©0;©0:, (4.18) 

where the lower index gives the sign of the cr^ -eigenvalue, and the upper index gives the 
sign of the p -eigenvalue. With this notation, the fixed point set of cr^ is 

0''^-0+©0;, (4.19) 
and the fixed point set of t = p cr^ is 

= 0t©0:- (4.20) 
By definition the Killing form is negative definite on gl and positive definite on g^. Hence, 
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0^ is the maximal compact subalgebra of g. Furthermore, is a compact form of q'^' 
defined by the restriction of p to the fixed point set of cr^. Then, the complex Lie algebra 
q'^' can be seen as the complexification of the maximal compact subalgebra of the split 
real form g' as required. □ 

Remark 4.6. Note that in the case of classical Lie algebras, the involution considered in 
Proposition 4.5 corresponds to the involution a introduced in Chapter 3 for the non-compact 
real forms sl(n,R), so(p,p), so(p,p + 1) and 6p(2n,M). 

In the proof of Proposition 4.5 we considered the decomposition 

where the upper index corresponds to the ±1 eigenspace of the compact antilinear- involution 
of g*^, and the lower index corresponds to the ±1 eigenspace of cr^. With this notation, the 
compact real form u considered in Chapter 3 is given by 

u = 0+©0+ (4.21) 

In particular, ig^ = g~ and ig'^ = qZ- 
4.1.4 The Kostant slice 

The highest weight vectors e; of V, introduced in (4.13) generate the following affine sub- 
space of g'^ : 

Definition 4.7. We call the Kostant slice J^T o/g'^ the space given by 

^ :={/ eg' 1/ = /o + 0161 + 0262 + ... + a,e,}, (4.22) 
for 6; the highest weight vectors of g'^ and complex numbers, and /o as at Definition 4. 1 . 
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Remark 4.8. Note that by Definition 4.4, the involution acts as —1 on elements in the 
Kostant slice, and hence the involution —a^ preserves J^. 

Denote by the ring of invariant polynomials in q'^ and let 

{pi,...,Pr}, (4.23) 

be a choice of a homogeneous basis for this ring, where deg(pi) < ... < deg(p,.)- From 
[Ca50] and [Ch50], we may choose the basis such that deg(pj) = /Cj + 1, and from [Kos63, 
Theorem 7] the choice can be done such that if / e Jif, then = a,. For / e g'^, denote 
by fljr the orbits of / of the adjoint action of G on g'^. The set 

is a dense set in q'^. 

Proposition 4.9. The involution — cr^ on q'^ induced from Definition 4.4 acts trivially on the 
ring of invariant polynomials of q'^. 

Proof Let us consider the basis {pi, ...,p^} of invariant polynomials as defined previously. 
As the basis of invariant polynomials is invariant under conjugation, we have that for / e J^T 
and X ^ Qf, the involution cr^ acts as follows: 

i-a^PiXX) - (-OpiC/) since Xeg^ 

= Pii—CTsif)) by definition of cr^ 

= Piif) by Remark 4.8, since / e 

— PiiX) since Xegy:. 

As these equalities hold for any X, by continuity the ring of invariant polynomials is acted 
on trivially by —cr^. □ 
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Remark 4.10. Note that Proposition 4.9 agrees with Section 3.5, since the involution as 
defined in Definition 4.4 corresponds to the involution cr associated to the split real forms of 
sl(n, C), so(n, C) and sp(2n, C). 

4.2 The Hitchin fibration 

As seen in Chapter 3, the involution associated to a spHt real form g of g'^ induces an 
involution on the moduli space of C^-Higgs bundles, whose action on a Higgs bundle 
(£, is given by 

9: (£,$)^(cj,(£),-c7,($)). 

By means of the explicit description of cr^ given in the previous section, we shall give 
an interpretation of Proposition 4.9 from the point of view of Higgs bundles. 

4.2.1 The Teichmiiller component 

We shall describe here the construction of the Teichmiiller component following [Hit92] . 
Consider the adjoint group AdC^ of a complex simple Lie group C^, and P a principal AdG*^- 
bundle. We let q'^ be the corresponding complex simple Lie algebra, and Sq =< /io'^o>/o >c 
be its principal three dimensional subalgebra as at (4.8). 

Recall that for Mp^^G" the moduli space of AdC^ -Higgs bundles, the Hitchin fibration is 
given by the proper map 

hi^AdG^ - ^AdG--0H°(S,iC'^'+^) (4.24) 
^ (pi($),p2W,---,PrW)> (4.25) 

where {p^, . . . is a basis of invariant polynomials on g'^ as defined in (4.23). The Teich- 
miiller component [Hit92] is induced by the Kostant slice introduced in Definition 4.7, and 
is constructed as follows. From the decomposition of g'^ into eigenspaces of adhg, consider 
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the vector bundle 

K 

E = adP^C= 5;® (4.26) 
j=-K 

where k,. = maxffcj}; is the maximal exponent of q'^ (see (4.14)). This is the adjoint bundle 
of q'^ associated to the principal AdG'^ -bundle P = G, where P^ is the holomorphic 

principal SL(2,C)-bundle associated to iC"^/^ 0^1/2^ ^ . SL(2,C) ^ AdG' is the inclu- 
sion corresponding to the principal three dimensional subalgebra Sq. Although Pi involves 
a choice of square root K^^^, the bundle E is independent of it. The AdC^-Higgs bundle 
(£,$), for 

$ = /o-l-aiei-|-a2e2 + ... + a,.e,. (4.27) 

and a, G H°{T,,K^^'^^), is stable. Note that (adho)/o = ~fo ^nd thus we may regard /o as 
a section of (g_i (E)iC~^) (8>iC. Furthermore, the highest weight vectors ej e q^. and thus 
ajCj is a section of qj^. (E) K'^i'^^, making $ a well defined holomorphic section of £ <E) iC. 
As = Qj, the above construction defines a section s : (a^, . . . , a^) >-> (£, 4>) of ^Adc^ 

whose image is the Teichmilller component. This component defines an origin in the smooth 
fibres of h, and thus one has a fibration of abelian varieties. 

4.2.2 Principal Higgs bundles and split real forms 

The natural involution onE — adP C given in Definition 4.4 acts on Higgs fields of the 
form of (4.27) as crs($) = — Hence, the involution — cr^ fixes these Higgs bundles, and 
thus preserves the Teichmiiller component. From Chapter 3, the involution cr^ induces an 
involution 9 on ^Adc^ which acts as 



9: (£,*)^(CT,(£),-c7,(*)). 
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The fixed point sets in Mp^^Qc of the involution 9 correspond to the moduH space of reduc- 
tive representations of 7ii(S) into the spHt real form of AdC^. The following result ([Hit92, 
Theorem 7.5]) relates the Teichmiiller component to the space of representations of the 
split real form of AdG*^ : 

Theorem 4.11. The section s of defines a smooth connected component of the moduli 

space of reductive representations of 7ii(T,) into the split real form o/AdC^. 

From Proposition 4.9 the involution —a^ acts trivially on the ring of invariant polyno- 
mials on g'^, and thus 6 preserves each fibre of the Hitchin fibration. In order to study 
the fixed point set of 0, w^e note that the involution 9 acts trivially on the Teichmiiller 
component of ^Adc^- mentioned before, by choosing a square root K^^^, we obtain a 
choice of Teichmiiller component which makes the fibres be abelian varieties. Moreover, 
since gives a covering of AdG'^, when considering the moduli space ^qc, there could be 
more than one lift of the Teichmiiller component depending on whether the maximal three 
dimensional subgroup is SL(2, M) or S0(3). Thus, by choosing one of these components 
we obtain an origin in the fibres of the Hitchin fibration — > js/qc . 

Recall that the fixed point sets of 9 induced by cr^ give the subspace of Higgs bundles 
corresponding to the split real form of . The reader should refer to [Hit92, Theorem 10.2] 
for an example of the analysis of the Teichmiiller components in the case of PSL(n, M). 

Theorem 4.12. The intersection of the subspace of the Higgs bundle moduli space Mq<^ corre- 
sponding to the split real form of q'^ with the smooth fibres of the Hitchin fibration 

h : — > j2/qc , 

is given by the elements of order two in those fibres. 

Proof An infinitesimal deformation of a Higgs bundle (E,^) is given by (A, where 
A e Q°^(Endo£) and 4 e r2^°(Endo£). The holomorphic involution 9 on induces 
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an involution on the tangent space ^ of at a fixed point of 9. Moreover, as seen in 
(3.1) there is a natural symplectic form co defined on the infinitesimal deformations by 



tr(Ai$2-^*i)- (4.28) 



s 



As the trace is invariant under Q and cr^C^*;) = —^i, the induced involution on the tangent 
space maps o) >-> —co. It follows that the ±l-eigenspaces 5^ of this involution are isotropic 
and complementary, and hence Lagrangian. Let us denote by Dh the derivative of 

h : j4g', 

which maps the tangent spaces of Mq<^ to the tangent space of the base j4qc . As the map 
h is invariant under the involution 0, the eigenspace is contained in the kernel of Dh. 
Since the derivative is surjective at a regular point, its kernel has dimension dim(^)/2 
and thus it equals Then, Dh is an isomorphism from to the tangent space of the 
base. Since h is a proper submersion on the fixed point set, it defines a covering space. 
The tangent space to the identity in the fibres is acted as —1 by the involution 9 and as 
the fibres are connected [DoPal2], by exponentiation, the action of 9 on the regular fibres 
corresponds to x >-> — x. Hence, the points of order two in the fibres My^.^ of over the 
regular locus j?/reg correspond to Higgs bundles for the associated split real form, i.e., to 
fixed points of 9. □ 

For CT^ a Lie algebra involution associated to the split real form of a complex Lie group 
, the fixed points of the involution 9 : (£, >-> (o"s(£), — o"^(<J>)) on Mqc give a covering 
of the regular locus of Such a covering is defined by the action of n^i^j^y^^, giving 

a permutation on the fibres. In the case of the split real form SL(n, M) of SL(n, C), the 
fixed points of 9 in ^si(n,c) ^^e given by points of order two in the Prym varieties. In 
the following chapter we shall study the particular case of SL(2, M)-Higgs bundles via the 
action of 7r^(j?/). 
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Monodromy of the SL(2, M) Hitchin 
fibration Hitchin fibration 

In Chapter 4 we gave a description of Higgs bundles associated to a split real form G of a 
complex simple Lie group G*^ in terms of the points of order two in the regular fibres of the 
Hitchin fibration of G'^-Higgs bundles. It is thus natural to consider the monodromy action 
in order to study the moduli space of G-Higgs bundles for a split real form. 

In this Chapter we shall focus on the split real form SI(2, M) of SL(2, C), and the 
associated Higgs bundles. For this in Section 5.1 we introduce the Hitchin fibration for 
SI(2, C)-Higgs bundles, expanding the descriptions given in Chapter 3. Then, in Section 5.2 
we define the holonomy homomorphism and review Copeland's analysis of the monodromy 
action [CopOS]. Finally, in Section 5.3 we give an explicit description of the monodromy 
action for the SL(2, M) Hitchin fibration. The results from this Chapter have been accepted 
for publication in [Schll], and an application of them is given in Chapter 8. 
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5.1 The SL(2, C) Hitchin fibration 

We begin by describing the Hitchin fibration for SL(2, C), and then introduce the work of 
Copeland [Cop05], in which the monodromy of the Hitchin fibration is analysed from a 
graph theoretic point of view. 

As in previous chapters, let S be a Riemann surface of genus g > 3, and let K be its 
canonical bundle. We have seen in Chapter 3 that an SL(2, C)-Higgs bundle as defined by 
Hitchin [Hit87] and Simpson [S92] is given by a pair (£, where £ is a rank 2 holomor- 
phic vector bundle with det(£) = ^^d the Higgs field $ is a section of EndgC-E) O K, 
where Endo(£) denotes the bundle of traceless endomorphisms of E. 

For simplicity, we shall drop the subscript of •^^31(2,0 denote by ^ the moduli 
space of S-equivalence classes of semistable SI(2, C)-Higgs bundles. Considering the map 
$ >-> det($), one has the Hitchin fibration [Hit87] 

h:J^ ■.= H°[T.,K^), 

where j?/ is the Hitchin base, introduced in Chapter 2 as ^sLi2,c)- The moduli space ^ is 
homeomorphic to the moduli space of reductive representations of the fundamental group 
of S in SL(2,C) via non-abelian Hodge theory [Cor88], [D87], [Hit87], [S92]. 

5.1.1 The regular fibres of the Hitchin fibration 

From [Hit87, Theorem 8.1] the Hitchin map h is proper and surjective, and its regular 
fibres are abelian varieties. Moreover, for any a e j?/ — {0} the fibre is connected 
[G012, Theorem 8.1]. For any isomorphism class of (£, in one may consider the 
zero set of its characteristic polynomial 



det($ - 17/) = 17^ + a = 0, 
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where a — det($) e This defines a spectral curve p : S — > S in the total space X on 
K, for 17 the tautological section of the pull back of on X. We shall denote by ^^eg the 
regular fibres of the Hitchin map h, and let j^/^eg be the regular locus of the base, which 
is given by quadratic differentials with simple zeros. Note that the curve S is non-singular 
over the regular locus j?/reg' ^i^d the ramification points are given by the intersection of S 
with the zero section. The curve S has a natural involution t(i7) = —rj and thus we can 
define the Prym variety Prym(S, S) as the set of line bundles M e Jac(S) which satisfy 

T*M=M*. 

In particular, this definition is consistent with the one given in Chapter 2 by means of the 
Norm map. Furthermore, as seen in Chapter 2, from [Hit87, Theorem 8.1] the regular 
fibres of ^ are isomorphic to Prym(S, S). 

5.1.2 The involution G 

Recall from Proposition 3.17 that the involution on SL(2, C) corresponding to the real form 
SL(2, M) defines an antiholomorphic involution on the moduli space of representations 
which, in the Higgs bundle complex structure, is the holomorphic involution 

whose associated automorphism /:£—>£* gives a symmetric form on £. In particular, 
the isomorphism classes of stable Higgs bundles with $ 7^ fixed by the involution 
correspond to SL(2,M)-Higgs bundles (E = V ® V*, <!>), where V is a line bundle on S, and 
the Higgs field $ is given by 

[r 0) 
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for /3 ■.V*^V<S>K and y : V — > V* (gi i^T. As mentioned in Example 3.13, the isomorphism 
class of an SL(2, C)-Higgs bundle with <J> = corresponds to the compact real form. 

From [Hit87], the smooth fibres are tori of real dimension 6g — 6. Indeed, the Higgs 
bundles in Example 2.7 give a section of the fibration fixed by 9, which defines the Teich- 
miiller component introduced in Chapter 4, and this allows us to identify each fibre with 
an abelian variety, in fact, a Prym variety as described in Chapter 2. Since the involution G 
leaves invariant det($), it defines an involution on each fibre of the Hitchin fibration. 

As shown in Chapter 4, the fixed points of the involution on the regular fibres of 
the Hitchin fibration h : ^ — > j?/ are the elements of order 2 in the abelian varieties. 
Hence, the points corresponding to SL(2,M)-Higgs bundles give a covering space of J^^^g. 
Since a generic fibre of h is given by the abelian variety Prym(S,S), i.e., by the quotient 
of a complex vector space V by some lattice A, one has an associated exact sequence of 
homology groups 

. . . ^ tiiCa) ^ ^ 7ri(Prym(S, S)) ^ tiqCa) ^ . . . . 

Hence, there is a short exact sequence 

7ri(Prym(S, S)) ^ A ^ 0, 

from where A ^ 7ri(Prym(S,S)). Therefore, 7ri(Prym(S,Il)) is an abelian group, i.e., 

7ri(Prym(S, E)) = Hi(Prym(S, S), Z). 

We shall denote by P [2] the elements of order 2 in Prym(S, S), which are equivalent classes 
in V of points x such that 2x e A. Then, P[2] is given by |a modulo A, and as A is torsion 
free, 

P[2] ^ A/2A^Hi(Prym(S,S),Z2). 
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Moreover, H'^(Prym[S,T,),Z2) = Hom(Hi(Prym(S,i;),Z),Z2) and thus 

HHPryin(S,S),Z2) ^ Hom(A,Z2) = A/2A = P[2]. 

Hence, the covering space P[2] is determined by the action of 7ii(j^/^^g) on the first coho- 
mology of the fibres with Z2 coefficients. In this Chapter we study this action, and thus 
obtain information about the moduli space of SL(2, M) representations of 7ii(T,). 

5.2 The monodromy action 

We shall now consider the monodromy homomorphism on the homologies of Prym(S, S). 
Given a canonical connection on the homologies of the fibres of ^^eg ~* -^reg' the Gauss- 
Manin connection, we define the corresponding monodromy action. 

5.2.1 Gauss-Manin connection 

Consider a fibration p : 7 — > B which is locally trivial, i.e. for any point b e B there is an 
open neighbourhood Uf, such that p~^(Ui,) = Uf, x Yi, where 7^ denotes the fibre at b. 
The nth homologies of the fibres Yj, form a locally trivial vector bundle over B, which we 
denote This bundle carries a canonical flat connection, the Gauss-Manin connection. 

To define this connection we identify the fibres of ^„{B) at nearby points bj, h2 £ B, 
i.e. H„(Fb^) and H„{Y^,^). Consider iV c B a contractible open set which includes hi and ^2- 
The inclusion of the fibres Y^,^ ^ p~^(N) and Y^^ ^ p~^(N) are homotopy equivalences, 
and hence we obtain an isomorphism between the homology of a fibre over a point in a 
contractible open set N and H„(p~^(iV)): 

H„iY,J^H„[p-\N)) = H,iY,^). 

This means that the vector bundle J^n(B) over B has a flat connection, the Gauss-Manin 
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connection. The monodromy of ^^(5) is the holonomy of this connection, i.e. a homomor- 
phism 7ii[B) — > Aut(H„(Y)) as an action of 7ii(B) on H„(y). By applying these results to 
the fibration ^^eg ~* -^reg we have the following: 

Proposition 5.1. The Gauss-Manin connection on the cohomology of the fibres of 

defines the monodromy action for the Hitchin fibration. As each regular fibre is a torus, the 
monodromy is generated by the action of 7ii(^reg) H^(Prym(S, S), Z). 

5.2.2 A combinatorial approach to monodromy for SL(2, C) 

The generators and relations of the monodromy action for hyperelliptic surfaces in the case 
of SL(2, C)-Higgs bundles were studied from a combinatorial point of view by Copeland in 
[Cop05, Theorem 1.1]. Furthermore, by [WIO, Section 4] one may extend these results to 
any compact Riemann surface S. 

We shall denote by T,^"^ the configuration space of n unordered points in S. Then, there 
is a natural map 

p : j^reg ^ (5.1) 

which takes a quadratic differential to its zero set. Furthermore, there is a map to the 4g — 4 
surface braid group 7r^(s'^^^~^^) given by 

:7ii(^,,g)^7ii(E[4s-4]). (5.2) 

As we have seen before, for oj e j?/reg) we can define a non-singular spectral cover S — > S 
with equation 17^ + o) = 0, together with an involution t : S — > S. 

Proposition 5.2 ([CopOS]). The kernel of p^ acts by {1,t} on Hi(Prym(S, S), Z) via the 
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monodromy action. 

Hence, the interest for the Pr3Tn variety is in studying the action of the image p^Tii{j4yf,g) 
in 7ii(s['^s-4]). By considering the Abel-Jacobi map Ab := st'^^'^] Pic'^s-'^{T.), and its 
induced map from the 4g — 4 surface braid group given by 

Ah : 7ri(s[4?-4])^Hi(S,Z), 

one has the following result: 

Proposition 5.3 ([Cop05]). For S hyperelliptic of genus g >3, 

p^7ri(j^„g) = kerAb : TiiCsf^^-^]) ^ Hi(S, Z). 

By using graph theory Copeland was able to construct a polyhedral decomposition of S, 
given by a graph f whose vertices are the zeros of a certain quadratic differential co e j?/reg- 
His arguments are based on the dual graph F of f which can be thought of as having marked 
points in each face of the polyhedral. To apply the following theorem, the dual graph F is 
used in [Cop05]: 

Proposition 5.4 ([Cop04]). Let S be a polyhedron of genus g with n faces such that no face 
is a neighbour of itself and no two faces share more than one edge. Then, 

ker(Afa : n^[T,^"^) ^ H^[T,,Z)) 

is generated by elements labelled by each edge e. The basepoint o/s'^"^ may be chosen to be 
a marked point in the interior of each face, and each may be viewed as a transposition of 
the marked points on the faces it separates. 

The action of the element can be thought of as interchanging the two vertices of e 
in the graph F, dual of the polyhedron F used in the previous theorem. Furthermore, the 
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elements mp^ni{j2f^i,g) can be lifted to ni{j2/^^g). Based on the above results, Copeland 
deduces the following theorem where he describes the monodromy action of Tii(^reg) on 
Hi(Prym(S,S),Z): 

Theorem 5.5 ([Cop05, WIO]). To each compact Riemann surface S of genus greater than 2, 
one may associate a graph T with edge set E, and a skew bilinear pairing < e,e' > on edges 
e,e' e Z[E] such that 

(i) the monodromy representation of 7ii(j?/reg) CLCting on Hi(Prym(S, S), Z) is generated 
by elements labelled by the edges e e 

(ii) one can define an action of 7ii(^reg) on e' e given by 

crg(e') = e' — < e' ,e> e, 

(Hi) the monodromy representation of the action of Tii^J^reg) on Hi(Prym(S, S), Z) is a 
quotient of this module Z[E~\. 

In order to construct the graph f Copeland looks at the particular case of S given by 
the non-singular compactification of the zero set of = f(x) = x^^"*"^ — 1. The space of 
quadratic differentials is described as 

H°{_H,K^) = H°(_T.,K^)+ ® H°iT,,K^)~ , (5.3) 

where + and — denote the +1 and —1 eigenspace of the induced action of the hyperelliptic 
involution. Hence, any quadratic differential co can be expressed as 

CO = CO+ + CO- = p(x) I — \ +q(x)y{ — \ , (5.4) 

where the degree of the polynomial p(x) is at most 2g — 2, and the degree of q(x) is at 
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most g — 3. The dimension of the components of H°(S,iC^) are 

dim(H°(S,JC^)+) = 2g-l and dim(H°(S,iC^)") = g - 2. 
Copeland firstly considers ojq& given by 

9<;<2g+2 
for C = e2"'''2g+2_ gy 

means of ajg, it is shown in [Cop05, Section 7] how interchanging 
two zeros of the differential provides information about the generators of the monodromy. 
Then, by means of the ramification points of the surface, a dual graph to f for which each 
zero of (Dq is in a face can be constructed. Copeland's analysis extends to any element in 
j4yf,g over a hyperelliptic curve [Cop05, Section 23]. Moreover, by work of Walker [WIO, 
Section 4] the above construction can be done for any compact Riemann surface. 

Remark 5.6. Note that from equation (5.3) and the general expression of an element in 
H'^(T.,K^I in the case of g = 2, any quadratic differential is described entirely by the polyno- 
mial p(x) which is of degree at most 2. 

Remark 5.7. Following [Cop05, Section 6], we shall consider the graph f whose 4g — 4 
vertices are given by the ramification divisor of p : S — > S, i.e., the zeros of a = det($). 




(a) (b) (c) 

Figure 5.1: The graph f for genus g = 3, 5, and 10 as constructed by Copeland. 
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For g > 3 the graph f is given by a ring with 8 triangles next to each other, 2g — 6 
quadrilaterals and 4g — 4 vertices. We shall label its edges as follows: 




Figure 5.2: The labels in f. 

Considering the lifted graph of f in the curve S over S, Copeland could show the 
following: 

Proposition 5.8. [Cop05, Theorem 11.1] If E and F are respectively the edge andface sets of 
r, then there is an induced homeomorphism 

m[E] 

Prym(S, M) = i , ,v ^^'^^ 

where the inclusion M[F] c M[£] is defined by the following relations involving the boundaries 
of the faces: 



X4 



2g-2 2g-2 

!=1 i=l 

2g+2 

even>6 odd>5 i=l 

2g+2 

h + h-u2-U4 + Y^Ui-Y^li + X b;. 

odd even i=l 
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Note that R[F] n can be understood by considering the following sum: 

r 2g+2 A 

X3 + X4 + Xi-X2 = 2( Zl+Z3-U2-l/4+ ^ 1 =2X5. 

Although the summands above are not individually in M[F] n when summed they 

satisfy 

1 

X5eM[F]n-Z[£]. 

Remark 5.9. For g = 2 it is known that TiiC^reg) — ^ x ^liS^), where Sf is the sphere 
with 6 holes (e.g. [Cop05, Section 6]). 



5.2.3 The fixed points of 6 : (£, *) ^ (£, 

Since S is a 2-fold cover in the total space X of K, the direct image of the trivial bundle in 
Prym(S, S) is given by = G®K~^ (e.g. see [BNR, Remark 3.1]). Equivalently note that 
S has a natural involution, and hence the sections oi can be separated into invariant 
and anti-invariant ones. As 6 corresponds to the invariant sections, and A^p^G = K~^, 
necessarily p^G — & ®K~^. 

For the line bundle L = p*K^^'^ on S, one has 

p^p*K^I^ = K^'^ (8) p^G = K^'^ © K-^l^. 

It follows from Section 5.1.2 that the line bundle 6 e Prym(S,S) has an associated Higgs 
bundle {K^l^ ©iC"^/^,^^), where the Higgs field $a defined as in Example 2.7 by 



™ n 



^1 



, for a^H^(Jl,K^) 
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The automorphism 



r 







V 



-i 



J 



conjugates $q to — and so the equivalence class of the Higgs bundle is fixed by the invo- 
lution 9. Thus, this family of Higgs bundles defines an origin in the set of fixed points on 
each fibre, and gives the Teichmiiller component as introduced in Chapter 4. Furthermore, 
we have seen in the previous chapter that the points of order two in the fibres of ^reg over 
the regular locus J^reg correspond to stable SL(2, M) Higgs bundles. 

By Proposition 5.8 one may write Prym(S, S) = R^^~^/A for 



In particular, one has A = Hi(Prym(S, S), Z). 

The monodromy action on H^(Prym(S,S), Z2) is equivalent to the action on P[2], 
the space of elements of order 2 in Prym(S,S). Note that over Z2, the equations for 
Xi,X2,X2,X4 and X5 are equivalent to 



A := 



M[f] n|z[£] 



2g-2 



i=l 




i=l 




even 



odd 



i=l 




odd 



even 



i=l 



2g+2 



! = 1 



Proposition 5.10. The space P [2] is given by the quotient 0/Z2 [E] by the subspace generated 
by Xi, X2, X4 and X5. 
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The relations x^,X2 and x^, are represented by the dark edges in the following graphs: 




Figure 5.3: Relations X4, X2 and Xi respectively. 



5.3 The SL(2, M) moduli space 

We shall study here the moduli space of SL(2,]R)-Higgs bundles via the monodromy action 
of Tii^j^/^gg) on P[2]. For this, we shall first look at the action on Z2[E~\, the space spanned 
by the edge set E with coefficients in Then, we consider its quotient action on P[2] to 
calculate the monodromy group. 

5.3.1 The action on Z2[£] 

It is convenient to consider Z2[-E] as the space of 1-chains Q for a subdivision of the 
annulus in Figure 5.2. The boundary map d to the space Cg of 0-chains (spanned by the 
vertices of f) is defined on an edge e e Q with vertices v^, V2 as 5e = Vj + V2. The natural 
map p : j^/^eg ~* s'-"^^""^^ introduced in (5.1) induces the following maps 

where 54^.4 is the symmetric group of 4g — 4 elements. Thus, there is a natural permu- 
tation action on Cq and Copeland's generators in TTiC^reg) ni^P ^ transpositions in 54^.4. 
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Concretely, these generators are defined as transformations of Z2[E] as follows. The action 
cTg labelled by the edge e on another edge x is 

c7-g(x) = X + < x,e > e, (5.6) 

where < •, • > is the intersection pairing. As this pairing is skew over Z, for any edge e one 
has < e,e >= 0. Let be the group of transformations of generated by cr^, for e e £. 

Proposition 5.11. The group Gi acts trivially on = ker(3 : — > Cq). 

Proof. Consider a e Ci such that da = 0, i.e., the edges of a have vertices which occur an 
even number of times. By definition, cr^ e acts trivially on a for any edge e e £ non 
adjacent to a. Furthermore, if e e £ is adjacent to a, then da = implies that an even 
number of edges in a is adjacent to e, and thus the action a^, is also trivial on a. □ 

We shall give an ordering to the vertices in f as in the figure below, and denote by 
E' (ZE the set of dark edges: 




Figure 5.4: The subset E' c E. 



For (i,;) the edge between the vertices i and j, the set E' is given by the natural succes- 
sion of edges e; := (i, i + l) for i = 1, . . . ,4g — 5, together with the edge 64^.4 := (4g — 4, 1). 
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Proposition 5.12. The reflections labelled by the edges in E' (Z E generate a subgroup 
of Gi isomorphic to the symmetric group S4g_4. 

Proof To show this result, one needs to check that the following properties characterising 
generators of the symmetric group apply to the reflections labelled by E' : 

(i) cr^ ^ 1 for all i, 

(ii) cr,.crg, = cr^.o-g, iij^i±l, 

(iii) (a,^a,.^J^ ^1. 

By equation (5.6), it is straightforward to see that the properties (i) and (ii) are satisfied by 
CTg, for all 6; e E. Indeed, let e be an edge in E and cjg be its associated reflection. As 

(Tg(x) = x+<x,e>e, 

one has that 

cr^(x) = x+ < x,e > e+ < x,e > e = X. 
Similarly, let e, and Cj be two edges which do not intersect. Then 

o-jj.cTg^Cx) — crg,(x+ < x,ej > ef) — x+ < x,ej > ej+ < x,e; > C;, 
and as x+ < x, Cj > ej+ < x,e^> e; is symmetric in i,j, one has 

In order to check (iii) we shall consider all different options for edges adjacent to e; and 
e;_,_i when e;, e;_,_i e E'. These can be seen in the following figure: 
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Figure 5.5: 5,7 and 6 adjacent edges to ejCi+i. 

Let Ci,C2,-" ,c„ e £ be the edges adjacent to e; and e^^i, where n may be 5,6 or 7. 
Taking the basis {c^, • • • , c„, e;, ej+i }, the action a^. CTg.^^ is given by matrices B divided into 
blocks in the follow^ing manner: 



B := 













In 


















Oi ••• 


an 





1 


b, ••• 


K 


1 


1 



J 

where the entries and bj are or 1, depending on the number of common vertices with 
the edges and their locations. Over Z2 one has that B^ is the identity matrix and so property 
(iii) is satisfied for all edges e □ 

The subgroup S'^^_^ preserves Z2[E']. Furthermore, the boundary 5 : — > Cg is 
compatible with the action of ^4^.4 on Ci and S^g^^ on Cq. Thus, from Proposition 5.12, 
there is a natural homomorphism 



ct : Gj > S4g_4 , 

which is an isomorphism when restricted to S'^^_^. For N : = ker a one has 

c?i-iVKs;^_4. 
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Any element g e can be expressed uniquely as g = s • h, for h e W c and 
s e <^ The group action on may then be expressed as 

(/llSi)(h252) ^ /ll5i/l2Sr^5l52 > (5-7) 

for Si,S2 e and /ii,/i2 e iV. Let Eq := E — E' and denote by A^, e Q the boundary of 

the square or triangle adjacent to the edge e ^ Eq in T. In particular, each edge e ^ EqVS 
contained in exactly one of such boundaries. 




Figure 5.6: The elements A^, in f. 

We shall write Eq := {Ag for e e Eq}. From Proposition 5.11 the boundaries A^ are 
acted on trivially by G^. By comparing the action labelled by the edges in Eq with the 
action of the corresponding transposition in ^^g^^ one can find out which elements are in 
N . We shall denote by the action on Q labelled by the edge (i,;). Furthermore, we 
consider s^, the element in ^4^.4 such that a(cr(i j^) = a{si^i j-^) e S4g_4, where a(5(^;j-)) 
interchanges the vertices of (i, j). Then, we have the following possibilities: 

• For a triangle with vertices i,i + l,i + 2, the generators of S3 c S'^^_^ are given by 
'^{i+i,i+2)- Then, (i, i + 1), (i + 1, i + 2) e E' and the action labelled by the 
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edge (i, i + 2) e Eg can be written as: 



• For a square with vertices i,i + l,i + 2,i + 3, the generators of S'^ c S'^^_^ are given 
by o"(i,i+i)> o-(i+i,i+2) and cr(-j+2,i+3)- In this case, the edges (i, i + l),(i + 1, i + 2), and 
(t + 2, i + 3) are in E', and the action labelled by (i, i + 3) e Eg can be written as: 

^(!,i+3) - Cr(i+2,i+3)0"(!+l,!+2)0'(i,!+l)0"(!+l,!+2)C^(i+2,i+3) ■ 



Theorem 5.13. The action of a^, labelled by e ^ E on x ^ Ci is given by 

where e S^^ ^ is the element which maps under a to the transposition of the two vertices of 
e, and the action ofhf,^N is given by 



X if e e , 

x+ < e, X > Ag if e e £q . 



(5.8) 



Proof For e e E' , one has a^, e Furthermore, one can see that the action of 

labelled by e e Eg on an adjacent edge x is given by 

CeM — x+<x,e>e; 
- s,ix) + A,. 



From Proposition 5.11, the boundary is acted on trivially by Gi and thus the above 
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action is given by 

K ■ = heCcTeCx) + A J = /le(x)+ < X, 6; > 6; + = CT,(x), 

whence proving the proposition. □ 

Example 5.14. By definition, the action labelled by the edge e = (4g — 4, 3) e F, is given by 
(^eiUj) = iUj) + < (i> j)) e > e. This is non-trivial only over adjacent edges. Consider the 
action on the edge x = (4g — 4, 1), which is a^(x) = x + e. This can be rewritten as 

CT,(x) = (1,2)+ (2,3)+ A,. (5.9) 

On the other hand, by acting with elements in S'^^_^ we have 

— 0'(2,3)0'(l,2)C^xO'(l,2)0"(2,3)> 

and thus 

SeM = cr(2,3)0-(l,2)0-;fCr(i2)(x) 

^ cr(2,3)Cr(i,2)Cr^(^ + (1,2)) 
= cr(2,3)0-(i,2)(l,2) 

- CT(2,3)(1,2) 

= (l,2) + (2,3). 
Comparing this with u^(x), since A^ is invariant under s^, we see that 

s,-CT,(x) = 5,((l,2) + (2,3)+ A J 
= s,(s,(x)+ AJ 
= ^ + A,. 
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Hence, for h{x) := x + we have a^{x) = h- s^{x). 

Remark 5.15. Note that for e, e' e Eq, the maps h^ and h^,/ satisfy 

h^h^'^x) = x+ < x,e' > A^'+ < e,x > . (5.10) 

In order to construct a representation for the action of 7Ti(j?/reg) on Cj, we shall begin 
by stud3dng the image Bq and the kernel Zj of 5 : Cj — > Cq. 

5.3.2 The representation of 

For y = (ji, . . . , y4g_4) e Cq, we define the linear map / : Cg — > ^2 by 

4g-4 

/(j)=l]y;- (5.11) 

! = 1 

Proposition 5.16. The image o/5 : Q — > Cq is formed by elements with an even number 
of I's, i.e., Bq = kerf. 

Proof It is clear that Bq c kerf . In order to check surjectivity we consider the edges 
6; e Cj given by e; = (i, i + 1) e for i = 1, . . . , 4g — 5. Given the elements e Bq for 
k — 2, - ■ ■ ,4g — 4 defined as 

J?2 - 5ei = (l,l,0,...,0), 

^fc ._ + ^(1,0,.. .,0,1,0,. ..,0), 

one may generate any distribution of an even number of I's. Hence, Bq = spanfi?*^} which 
is the kernel of / . □ 

Proposition 5.17. The image Bq and the kernel Zj of the derivative 5 : — > Cq have, 
respectively, dimension 4g — 5 and 2g + 3. 
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Proof. From Prop. 5.16 one has that dim(Bo) = dim(ker/) — 4g — 5. Furthermore, as 
dim Ci = dimZj + dimBg, the kernel of d has dimension 2g + 3. □ 

Note that Xi,X2,X4 e Zi and X5 ^ Zj. From a homological viewpoint one can see that 
X4 and for e e Eg form a basis for the kernel Zj . We can extend this to a basis of by 
taking the edges 

13' := {e; - (i, i + 1) for 1 < i < 4g - 5} c , 

whose images under d form a basis for Bq, and hence a basis for a complementary subspace 
V of Zj. We shall denote by ^ := {^o,l3'} the basis of Q for (Sq = {£0,^4}- 

In order to generate the whole group G^, we shall study the action of 54^.4 by conjuga- 
tion on N. Considering the basis jd one may construct a matrix representation of the maps 
/ig. for e, e £ = {Eq,E'}. 

Proposition 5.18. For e e £, the matrix [h^] associated to h^ in the basis /3 is given by 

\ 



f 

V 













where the (2g + 3) x (4g — 5) matrix A^, satisfies one of the following: 

• it is the zero matrix for e e E', 

• it has only four non-zero entries in the intersection of the row corresponding to and 
the columns corresponding to an adjacent edge of e for e e Eg ~ {"5 JeK 

• it has three non-zero entries in the intersection of the row corresponding to and the 
columns corresponding to an adjacent edge of e for e = u^, Z5. 

Proof As we have seen before, for e e Eq ni^P ^^ts as the identity on the elements of 
I3q. Furthermore, any edge e e Eg ~ {"5> ^el is adjacent to exactly four edges in 13' . In this 
case /ig has exactly four non-zero elements in the intersection of the row corresponding to 
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Ag and the columns corresponding to edges in 13' adjacent to e. In the case of e = u^, ^5, 
the edge e is adjacent to exactly 3 edges in (3' and thus h^ has only 3 non-zero entries. □ 

Recall that 54^.4 preserves the space spanned by E', and hence also the subspace V, 
and acts trivially on Z^. In the basis /3 the action of an element s e ^4^ 4 has a matrix 
representation given by 



f 



[s] = 














J 



where is the permutation action corresponding to s. Hence, for f ^Eq we may construct 
the matrix for a conjugate of hj: as follows: 



[s][hfm-' = 














^2g+3 










^2g+3 















J 










l4g-5 



Proposition 5.19. The normal subgroup AT c consists of all matrices of the form 



H = 



hg+3 


A 





Ug-S 



where A is any matrix whose rows corresponding to for e ^ Eq — {1/5, Zg} have an even 
number of 1% the row corresponding to is zero and the rows corresponding to A^^, A;^ 
have any distribution of 1 's. 

Proof Given e; e Eg — {1/5,^5}, the matrix A^, has only four non-zero entries in the row 
corresponding to A^,,. Thus, for g > 2 , there exist elements s^,S2 e ^4g-4 with associated 
permutations ti^ and 712 such that the matrix Ag, := Ag, ti]"^ -I- Ag, 712^ has only two non- 
zero entries in the row corresponding to Ag, , given by the vector defined in the proof of 
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Proposition 5.16. Furthermore, by Remark 5.15, we have 



f 



hg+3 







hg-5 



hg+3 







hg-5 







hg+3 







hg-5 



Considering different s e ^4g-4 acting on s^/i^.s^ ^S2?ie_S2 ^, one can obtain the matrices 
{A^.}Jf^2^ with R'' as the only non-zero row corresponding to A^.: 



A 



2 







110 



V 







J 







1 ... 1 







J 



Thus, by composing the elements of N to which each corresponds, we can obtain any 
possible distribution of an even number of I's in the only non-zero row. Similar arguments 
can be used for the matrices corresponding to Ug, ^5 which in this case may have any number 
of I's in the only non-zero row. Recalling Remark 5.15 we are then able to generate any 
matrix A e iV as described in the proposition. □ 

From the decomposition of and above results, we have: 
Theorem 5.20. The representation of a in the basis (3 is given by 



f 





A 





71 



(5.12) 



where n represents a permutation on TL!^ ^ '^"'^ ^ ^natrix whose rows corresponding to 
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Ag for e & Eq — {u^,l(,} have an even number ofl's, the row corresponding to X4 is zero and 
the rov[^s corresponding to A^^ and A;^ have any distribution of Vs. 

5.3.3 The monodromy action of ni{j2/^^g) on P [2] 

As seen previously, P [2] can be obtained as the quotient of Ci by the four relations Xi, X2, X4 
and X5. It is important to note that these relations are preserved by the action of 
Furthermore, Xi,X2,X4 e and = (1, 1, • • • , 1) e Bq. Hence, we have the following 
maps 

Z B 

Z^^ = ^P[2]^— — =Z^^"^ (5.13) 

<Xi,X2,X4> < ,1) > 

The monodromy group Gq is given by the action on the quotient P [2] induced by the action 
of Gi on Ci- Note that having Xi,X2,X3,X5 = implies 

= xi + X4=2a,., (5.14) 
= X2 + X4= ^ A,_, (5.15) 
= Xs + X4 = YjUi+Yj^i. (5.16) 

even odd 

Then, one may write 

^le = J] \' A,^ = 2 A,,. . (5.17) 

Moreover, as x^ + X2 + X4 + X5 = 0, one can express the edge U5 in terms of elements in 

{"el- 
Definition 5.21. For ^0 ■= l3o - {X4, Aj^, A^J and p' := (3' - {1/5}, let ^ := {/3o,i3'}. 

Proposition 5.22. The elements in (Sq generate Z^j < Xy,X2,x^ > and ^' generates a com- 
plementary subspace in P[2]. 
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From the previous analysis, one obtains our main theorem, which gives an expHcit 
description of the monodromy action on P [2] : 



Theorem 5.23. The representation of a ^ Gq in the basis p is given by 





A 





n 



(5.18) 



where 



• n is the quotient action on TL!^ ^/(l, • • • , 1) induced by the permutation action of the 
symmetric group 54^.4 on ^; 

• Ais any (2g) x (4g — 6) matrix with entries in Z2. 

Proof As seen before, the action of Gq on Bq/ < dx^ = - ,1) > is given by the 

quotient action of the symmetric group. Furthermore, replacing A^^ and A;^ by the sums 
in (5.17), one can use similar arguments to the ones in Proposition 5.19 to obtain any 
number of I's in all the rows of the matrix A. □ 



Remark 5.24. The intersection pairing in the above analysis means that the previous theorem 
gives an irreducible representation of the symplectic group Sp(4g — 6,^2) ( the reader should 
refer to the work ofGow and Kleshchev [GK99] for details). 

Remark 5.25. We have seen in Proposition 5.11 that the action of G^ is trivial on Z^. More- 
over, the space Z2 [x^, X2, X4, X5] is preserved by the action of G^, and thus one can see that the 
induced monodromy action on the 2g-dimensional subspace Zi/Z2[xi,X2,X4,Xs] is trivial. 
Geometrically, there are 2^^ sections of the Hitchin fibration given by choices of the square root 
of K. These sections meet each Prym in 2^^ points which also lie in P[2]. Since we can lift a 
closed curve by a section, these are acted on trivially by the monodromy. 
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The analysis of the monodromy action for other spht real forms encounters many new 
complications. Hence, in the following chapters we shall study principal G-Higgs bundles 
and the corresponding Hitchin fibration considering a different approach. 
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Chapter 6 

Spectral data for [/(p,p)-Higgs 
bundles 

In previous chapters we constructed principal Higgs bundles from a Lie theoretic point of 
view. In particular, in Chapter 4 we gave a description of the fixed point set of the involution 

9: (£,$)^(ct(£),-ct($)) 

associated to split real forms, acting on the Higgs bundle moduli space for the correspond- 
ing complex Lie group. These results were then used to study SL(2, IR)-Higgs bundles via 
the monodromy action in Chapter 5. For non-split real forms the fixed point set of the cor- 
responding involution does not give a covering of the regular locus of the Hitchin base. 
Consequently, an alternative approach to the monodromy action needs to be used in order 
to understand the geometric and topological properties of the corresponding Higgs bundles 
moduli spaces. 

In this Chapter we shall study the particular case of U(p,p) and SJ7(p,p)-Higgs bun- 
dles over a compact Riemann surface S, and define the spectral data associated to them. 
Many authors have studied connectivity for SL/ (p,p)-Higgs bundles by looking at the nilpo- 
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tent cone in the corresponding Hitchin fibration (see, among others, the work of Brad- 
low, Garcia-Prada and Gothen [BG-PG03]). In contrast, here we obtain information about 
U[p,p) and SJ7(p,p)-Higgs bundles via the regular fibres of the Hitchin fibration. One 
should note that [/(p,q)-Higgs bundles for p < q have Higgs fields of rank at most 2p. 
Thus, the characteristic polynomial of $ is reducible, and the induced spectral curve is 
singular It is natural then to consider separately the cases of p = q and p 7^ q. 

We begin this chapter by recalling the main properties of L/(p,p)-Higgs bundles in Sec- 
tion 6.1. Then, we study the spectral data for [/(p,p)-Higgs bundles in Section 6.2, and 
for S[/(p,p)-Higgs bundles in Section 6.3. Some applications of these results are given in 
Chapter 8, and following the analysis of S0(2m -I- l,C)-Higgs bundles given in Chapter 2 
(see [Hit07]), we consider L/(p,q)-Higgs bundles for p 7^ q in Chapter 9. 

6.1 [/(p,p)-Higgs bundles 

Recall that the unitary group U{p,p) of signature (p,p) is a non-compact real form of 
GL(2p,C), and has maximal compact subgroup H = U{p) x U{p). The complexified Lie 
algebra of H is 1) = gl(p, C) © sl(p, C). For 



the antilinear involution t on fl[(2p,C) which fixes u(p,p) is given by t(X) = —Ip pX*Ip p. 
Moreover, the involution relating the compact real structure and the non-compact real 
structure u(p,p) on 0[(2p,C) is cr(X) = IppXIpp. As seen in Chapter 3, the involution 
cr induces an involution 9 : (£, ^) >-> (cr(£), — cr($)) on the classical Higgs bundle moduli 
space ^ . In this case, © is given by 



f 




I, 



p,p 



V 
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The isomorphism classes of J7(p, p)-Higgs bundles are given by fixed points of the involution 
B on ^ corresponding to vector bundles E which have an automorphism conjugate to Ip p 
sending $ to — and whose ±1 eigenspaces have dimensions p and q. 

By considering the Cartan involution on the complexified Lie algebra of U{p,p) one has 
uCPjP)"' — Sl(2p, C) — (sf(p, C) © gl(p, C)) + m"', where m"' corresponds to the off diagonal 
elements of gl(2p,C). Then, a principal [/(p,p)-Higgs bundle (P, is given by a principal 
H"' -bundle P and a holomorphic section <J> of (P x^^ m^) <E) iC. 

Definition 6.1. A U(p,p)-Higgs bundle over T, is a pair (£, where E 
rank p vector bundles over T., and the Higgs field $ given by 

fo p] 
[r j 

for 13 -.W <S>K andy -.V iS)K. 

Definition 6.2. An SU(p,p)-Higgs bundle is a U{p,p)-Higgs bundle {V © W, ^)for which the 
vector bundles satisfy APV = A^W*. 



= V®WforV,W 



(6.1) 



6.1.1 The spectral curves 

Consider a stable t/(p,p)-Higgs pair {V®W, with * given as in Definition 6.1. Note that 



for n odd, 
tr = ^ (6.2) 

2tr(r/3)"/2 for n even. 



Thus the characteristic polynomial of whose coefficients are polynomials in tr($'), de- 
fines a spectral curve p : S — > S in the total space X oi K with equation 

rj2P + airj^i'-^ + . . . + a^.^rj^ + = 0, (6.3) 
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where a; e H°(S,iC^'), and rj is the tautological section of p*i<r inX. By Bertini's theorem 
this curve is generically smooth, and thus in the remainder of this chapter we shall assume 
S is smooth. The 2p-fold cover S has an involution 17 >-> —17, which we shall denote by a 
following the notation of Chapter 2. The quotient of S by the action of u defines a p-fold 
cover p : S — > S in the total space of i<C^, whose equation is given by 

^P + a^^P-^ + ... + ap_,^ + ap = 0, (6.4) 

where ^ = 17^ is the tautological section of 'p*K'^. Since S is the quotient of a smooth curve, 
it is also smooth. We let 71 : S — > S be the double cover given by the above quotient: 




(6.5) 



We shall denote by gg and gj the genus of S and S, respectively. Since the cotangent bun- 
dle has trivial canonical bundle, and the canonical bundle of is p*K~^, the adjunction 
formula gives Kg = p*K^P and Kg = p*K^P p*K~'^. Thus, one has 

gs = 4p'(g-l) + l, (6.6) 
gs - (2p2-pXg-l) + l. (6.7) 



6.2 The spectral data of [/(p,p)-Higgs bundles 

A description of the fibres of the Hitchin fibration h : — > j4qc, for classical complex 
Lie groups , was given in Chapter 2, following [Hit87a], in terms of line bundles on 
associated curves. In the case of classical Higgs bundles of rank n, a point in the regular 
locus of the Hitchin base defines a curve p : S — > S in the total space X of the canonical 
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bundle K, whose equation is given by 

17" + ajTj"-^ + . . . + rj^a„_i + a„ = 0, 

where 17 is the tautological section of p*K in X, and a^ e H°(S,iC'). Given a line bundle M 
on S, one could obtain a classical Higgs pair (£, by taking the direct image E := p^M, 
and letting the Higgs field $ be the map induced by the multiplication of the tautological 
section 

for an open set in the compact Riemann surface S. In this section we shall extend these 
methods to study the fixed point set of the involution 

in the classical Higgs bundles moduli space which correspond to [/(p,p)-Higgs bundles. 
In particular, we obtain the following correspondence. 

Proposition 6.3. Given a U{p,p)-Higgs bundle with non-singular spectral curve one can con- 
struct a pair (S, M) where 

(a) the curve p : S ^ T. is an irreducible non-singular 2p-fold cover of S given by the 
equation 

rf-P + a^vi^P-^ + ... + ap_^rf + = 0, 

in the total space of K, where a; e H°(S,iC^'), and r\ is the tautological section of p*K. 
The curve S has an involution a acting by cr(ri) = —r\; 

(b) M isa line bundle on S such that a*M = M. 
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Conversely, given a pair (S,M) satisjying (a) and (b), there is an associated stable U{p,p)- 
Higgs bundle. 

Proof. We shall begin by constructing the Higgs bundle induced by a given pair (S,M) 
satisfying (a) and (b). Consider p : S — > S and M as in (a) and (b), and denote the lifted 
action of cr to M also by u. Then, on an invariant open set p~^('%') we may decompose 
the sections of M into the invariant and anti-invariant parts: 

From the definition of the direct image of a line bundle there is a similar decomposition of 
H^C-^.p^M) into 

Thus, generically, we may w^rite 

p*M =£+©£_, 

where E± are rank p vector bundles on S. At a point x such that ap(x) 7^ 0, the involution 
cr has no fixed points on p~^(x). Moreover, if x is not a branch point, p~^(x) consists of 
2p points ei,...,ep, cre^, . . . aCp . The fibre of the direct image is then isomorphic to © C 
with the involution (v, w) >-> (w, v), so that the fibre of is given by the invariant points 
(v, v) and the one of E_ is given by the anti-invariant points (v, — v). 

In order to define the Higgs field associated to M, we follow the ideas done for the 
classical case in Chapter 2 and consider the tautological section 17 of p*K, which induces 
the multiplication map 

H^ip-^i-^lM) ^ H°lip-^{^),M ^ p*K). (6.8) 



100 



6.2. The spectral data of U{p,p)-Higgs bundles 



By definition of direct image, this map gives the Higgs field 

Furthermore, as cr(Tj) = —rj, the Higgs field $ maps >-> £_ ® and E_ >-> ® iC. Thus, 
we may write 

* = 

[to) 

for 7 i<C and 13 : E_ ^ E_^_ iS) K. Note that as we have considered an irreducible 

curve S, there is no proper subbundle of © E_ which is preserved by and hence the 
Higgs pair ©£_,<!>) is a stable J7(p,p)-Higgs bundle associated to (S,M). 

Conversely, by considering a stable L7(p,p)-Higgs bundle (E = V ®W,(^) defined as 
in Definition 6.1, one can obtain the induced pair (S,M) as follows. The characteristic 
polynomial of $ defines the curve S, which by stability is smooth and irreducible. We 
have seen in Chapter 2 that the regular fibres of the Hitchin fibration for classical Higgs 
bundles are isomorphic to the Picard variety of S. As a classical Higgs bundle, (£, has a 
corresponding line bundle M on the spectral curve S. Since the involution u acts trivially 
on the equation of S, the fixed points correspond to the action on the Picard variety, and 
thus cr*M ^ M. Hence, the pair (S,M) associated to the Higgs bundle (£, satisfies Item 
(a) and Item (b) of Proposition 6.3. □ 

By means of the 2-fold covering tt : S — > S, the line bundle M from Proposition 6.3 can 
be interpreted in terms of line bundles on the quotient curve S in the following way. Let y 
be an open set in S. Then, the invariant and anti-invariant sections of the line bundle M on 
S introduced in the Proposition 6.3 give a decomposition 
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By definition of direct image, there are two line bundles C/j and U2 on the quotient curve S 
such that 

H°(7i-Hl^),M)+ =H°(r,[/i) and H°(7r-Hr),M)- =H°(y,U2), (6.9) 

and thus n^M = Ui® U2. Therefore the pair (S,M) corresponding to the [/(p,p)— Higgs 
bundle (£, $), which satisfies Item (a) and Item (b) of Proposition 6.3, defines two associ- 
ated line bundles Ui and U2 on the quotient curve S. 



6.2.1 The associated invariants 

Let (E = V ® W,(^) he a [/(p,p)-Higgs bundle. By reduction to the maximal compact 
subgroup, a flat U{p,p) bundle has two integer invariants. These invariants correspond to 
the degrees v = deg V and w = deg W of the Higgs bundle (£, We shall see next how 
they arise from the isomorphism cr*M = M. This isomorphism gives an action of +1 or — 1 
on the fixed points of the involution and defines one of the invariants: 

Proposition 6.4. Let (V © W, $) be a U[p,p)-Higgs bundle corresponding to a pair (S,M) as 
in Proposition 6.3. For m the degree of M, and m the number of fixed points of the involution 
a for which it acts as —1 on M, the degrees v and wofV and W are given by 



m — m „ 
V = + (2p - 2p2Xg - 1), 

m + m „ 
w - — 2p\g-ll 



Proof Consider the line bundle M on S whose degree we denote by m and which corre- 
sponds, through the previous analysis, to the pair (V © W, In particular, we have that 
p^M = V ®W. The involution cr preserves M, and on its 4pig — 1) fixed points it acts as 
±1. We shall denote by m the number of points on which a acts as —1. As noted before, in 
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terms of the ±1 eigenspaces of a we may write 

for an open set c S. Furthermore, there is a similar decomposition of the sections of the 
direct image of M on S: 

H+ :=H°(p-H'?/),M)+ = H°('?/,V), (6.10) 
H" :=H°(p-H'?/),M)- = H°('?/,W). (6.11) 

Recall that for the 2p-fold cover p : S — > S, the degree of the direct image p^M is given by 
deg(p*M) = deg(M) + (1 - gg) - deg(p)(l - g). Then, we have that 

v + w = degp,M = m + (l-gs)-2p(l-g) 

= m + 1-1- V(g-l)-2p(l-g) 
= m + (2p- V)(g-l), 

and thus m = v + w + (4p^ - 2p)(g - 1). 

Given L a line bundle over S, the involution a acts trivially on the pull-back 7i*L. 
Furthermore, one may consider the tensor product M (8) 7r*L for which the direct image 
under n is given by 

7i^(M (8) n*L) = Ti^M <8) L. 

For convenience we shall assume that the degree I := degL is sufficiently large. Then, 
H^(S,M n*L) vanishes and thus one may use Riemann-Roch to calculate the dimension 
of H°(S,M <S> n*L). Over the fixed points of the involution, a acts as +1 on 7r*L and so 
the involution acts as —1 on M n*L for exactly m points. Thus, we may assume that the 
degree m of M is sufficiently large to make H^(S,M) vanish. 
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In order to find the relation between m and the degrees v and w we shall first calculate 
the dimension of the ±l-eigenspaces of a on H°(S, M). Then, by means of Riemann-Roch 
and Serre duality, we shall find the degrees of v and w of V and W in terms of m, and from 
there give an equation for m. By Riemann-Roch and Serre duality one has that 



Consider the Lefschetz number as defined in [AB68] associated to the involution a on S, 
which is given by: 



= trace cr l^o^^) 
= h+-h-. 

From the holomorphic Lefschetz theorem [AB68, Theorem 4.12], we can express L(cr) as: 

, (-m) + (4p(g-l)-m) 

L{(j) = 

2 

= 2p(g-l)-m. 

Note that as the Lefschetz number only depends on m, its value is the same for the line 
bundles M and M <8)n*L. 

The dimensions /i"*" and h~ can then be obtained as follows: 



dimH°(S,M) = degM + 1 - = m - 4p\g - 1). 



For h'^ and h the dimension of the ±1 eigenspaces of H°(S,M) respectively. 



/i+ + h" = m - 4p^(g - 1). 




h- = 



m-4p\g-l) + 2pig-l)-m 
2 

m-4p\g-l)-2pig-l) + m 
2 



m — m 



2 

m + fh 



2 



+ ip-2p^Xg-n 



-ip+2p^xg-n 
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These equations may be considered when applying Riemann-Roch and Serre duahty in 
order to give an expression of the degrees v and w in terms of m and m: 



Note that 



m — m „ 
V = 7i++p(g-l) = ^— + (2p-2p2Xg-l), 

m + m „ 
w - h-+p(g-l) = — 2p2(g-l). 



m + m „ f m — m „ 

w-v = — 2p2(g-i)- f __ + (2p-2p2Xg-l) 



= m-2p(g-l). 



Hence, the number m can be expressed as m = w — v + 2p(g — 1). □ 

Remark 6.5. From the proof of Proposition 6.4, the parity of the degree of M and the number 
of fixed points ih over which a acts as —1 need to be the same. 

Remark 6.6. Throughout this chapter we have assumed that V and W were obtained via the 
invariant and anti-invariant sections of M, respectively. However, this choice is arbitrary, and 
interchanging the role of V and W corresponds to considering the involution —a acting on 
S. Moreover, considering —u corresponds to taking the invariants (m,m), instead of {m,m), 
where m = 4p(g — 1) — m. 

The invariant m introduced in Proposition 6.4 gives the number of fixed points of cr 
over which the involution acts as -1 on M, i.e., is the degree of a positive divisor of the 
section = det(/37) associated to a Higgs bundle {V © W, ^>). Consider the line bundles 
Ui and U2 on S as defined in (6.9), for which p^L/j = V and p^lJ2 = W . Then, the Higgs 
field $ = (^, 7) induces two sections 

b^H^(S,Ul®Ui®p*K), and c & H°(S,Ul ® U2®p*K). 
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By stability of the Higgs bundle, if v > w (otherwise one can interchange V and W), the 
section y 7^ induces a non vanishing section c of [/^ (E) U2<S>'p*K, and thus defines a positive 
divisor D of degree m associated to the Higgs bundle. We shall denote by [s] the divisor 
associated to a section s. 

Remark 6.7. Since D is a positive divisor of [a^], which has simple zeros and gives the rami- 
fication points, one can think of it as a divisor on S as well as on p : S ^ H, hy identifying D 
and Nm(I>). 

Note that since Ui and U2 are constructed via the invariant and anti-invariant sections 
of M, respectively, the divisor D is given by the fixed points of the involution (the zeros of 
Qp) over which u acts as —1 on M. 

Remark 6.8. Interchanging the roles of V and W is equivalent to interchanging u hy —a. 
In this case, the associated triple is (S,M,D) where D is the divisor satisfying [a^] = D + D, 
which has degree m = 4p(g — 1) — m. 

Note than when p = 1, the surface S and the curve S coincide. For p > 1, one may 
express the degrees of the bundles Ui and U2 in the construction of the spectral data in 
terms of the degrees of V and W, or in terms of the degree of M, as follows: 

„ mm 
degf/i =v + (2p2-2pXg-l) =y-y' <;6.12) 

„ mm 
deg[/2 -w + (2p2-2pXg-l) =- + --2p(g-l). (6.13) 

From the study of the spectral data for [/(p,p)-Higgs bundles, we have the following 
theorem: 

Theorem 6.9. There is a one to one correspondence between U(p,p)-Higgs bundles with non- 
singular spectral curve {V © W, 4>) on a compact Riemann surface S of genus g > 1 for which 
degV > degW, and triples (S, Ui,D) where 
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• S is a non-singular p-fold cover o/S in the total space ofK^ given hy the equation 

+a^^P-^ + ... + ap_^^ + ap=0 for e H^CS.iC^^) ; 

• Ui is a line bundle on S whose degree is degt/^ = degV + (2p^ — 2p)(g — 1); 

• D is a positive subdivisor of the divisor of ap of degree m = deg W — degV + 2p{g — 1). 

Proof From Proposition 6.3 and Proposition 6.4, it is left to show the equivalence between 
the line bundles M and Ui satisfying the hypothesis, and the curves S and S. 

Consider a pair (S,M) as in Proposition 6.3 and D a positive subdivisor of the divisor 
of Up over which u acts as —1 on M following Proposition 6.4. It was shown before that 
the direct image n^M on S = S/o" is decomposed into n^M = L/^ © U2, for L/j and U2 line 
bundles on S satisfying 

[D] = Ul^U2^p'K. 

Note that for v > w, from equations (6.12)-(6.13) one has that degJ7^ > deg[/2. Hence, 
considering the line bundle Ui of biggest degree, and identifying Pic'^^^^i(S) with Jac(S), 
one can construct the triple {S,Ui,D). 

Conversely, consider a triple (S, Ui,D) for p : S — > S a smooth p-fold cover of S with 
equation 

^P + a,^P-' + ... + ap_,^ + ap = 0, 

for a; G H°(I],/C^') and ^ the tautological section of p*JC^, and D a positive subdivisor 
of zeros of a^. The line bundle on S is considered in Jac(S) via the isomorphism 
pj^degUj^^^ = Jac(S). Since, by [BNR, Remark 3.5], the section Up has simple zeros, follow- 
ing Remark 6.8, we write [a^] = D -l-D, for D a positive divisor on S. Given the line bundle 
L/j on S, we define the line bundle U2 also on S by 

U2 = [D] (8) [/i p*K*. 
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On S there is a natural rank 2 Higgs bundle {Uj® U2,^) whose Higgs field is obtained via 
multiplication by ^, the tautological section of p*K^, giving 

The corresponding spectral curve of this JC^ -twisted Higgs bundle is the double cover 
71 : S — > S and following the procedures of Chapter 2, there is a line bundle M on S 
which is preserved by the involution cr on S (see [BNR] for details on spectral curves for 
these twisted Higgs bundles) . Moreover, its direct image has the direct sum decomposition 
n^M = Ui® U2 via the invariant and anti-invariant sections. Thus, one has the induced 
pair (S,M), and by construction a acts as —1 on M over the divisor D, whence proving the 
proposition. □ 

Remark 6.10. By interchanging the involutions a and —a, one can show that an equivalent 
correspondence exists in the case of U(p,p)-Higgs bundles for which degV < degW. 

Following [BG-PG03], we define the Toledo invariant t(v, w) on [/(p,p)-Higgs bundles 
as the number 

t(v, w) = v — w. (6.14) 
By considering the previous calculations, this invariant may be expressed as 

t(v, w) = -m + 2p(g - 1). 
Remark 6.11. By definition, m satisfies <m< 4pig — 1), and thus 

0<|T(v,w)|<2p(g-l), 
which agrees in the case ofU(p,p)-Higgs bundles with the general bounds given in [BG-PG03] 
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for the Toledo invariant. 

One should note that [/(p,p)-Higgs bundles {V®W, for degV = deg W correspond to 
m = 2p(g — 1), and the case of degl^ > degW (equivalently, degl^ < degW) corresponds 
to < m < 2p(g - 1) (equivalently, 2p(g - 1) < m < 4p(g - 1)). 

6.3 The spectral data of SU(p,p)-Higgs bundles 

We shall consider in this section S[/(p,p)-Higgs bundles (E = V ®W,^) over S as given in 
Definition 6.2. In particular, we have that v = — w and thus one can adapt Theorem 6.9 for 
Sf/(p,p)-Higgs, to obtain the invariants 

m - (V - 2pXg - 1), (6.15) 
m = 2degW + 2p(g- 1). (6.16) 

Note that in this case not all triples (S, Uj,D) satisfying the conditions of Theorem 6.9 
have a corresponding stable S[/(p,p)-Higgs bundle: the restriction A^V = A^W* does not 
only constrain m and m but also the norm of the line bundles Ui and U2 on the quotient 
curve S, and thus the divisor D. In the following subsections we study the implications of 
the isomorphism A^V = A^'W*. 

6.3.1 The condition A^V = Am* 

In terms of the line bundles Ui and U2 on S, the condition A^V ^ A^W* may be written 
as A^'p^Ui ^ A^p^L/2- Considering the norm map Nm : Pic(S) — > Pic(I]), the determinant 
bundles of V and W can be expressed as follows [BNR, Section 4] : 

A^V = APp^Ui=^m{Ui)<^K~P^P~^^ fori -1,2. (6.17) 
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One should note that we are identifying divisors of S and their corresponding hne bundles. 
The condition A^V A^W* is equivalent to requiring 

Nm([/i) = -Nm(Lf2) + 2p(p - 1)K, (6.18) 

which is compatible with the degree calculations done in previous sections giving 

deg([/i) = - deg([/2) + 4p(p - l)(g - 1). 

In terms of divisors on S, one has D — Nm U* + Nm U2 + pK. Thus, from (6.18), the 
condition for the Higgs bundle to be an St/(p,p)-Higgs bundle can be expressed as 

2NmUi=p(_2p-l)K-D. (6.19) 

Equation (6.19) can be rewritten as Nm ([D] (8> (S>'p*K^~^P) = 0. The choice of Ui is thus 
determined by the choice of an element in ker Nm, i.e., in the Prym variety Prym(S, E), and 
thus one has the following description of the spectral data for S[/(p,p)-Higgs bundles. 

Proposition 6.12. The spectral data (S, Ui,D) of a U{p,p)-Higgs bundle as in Theorem 6.9 
corresponds to an SU(p,p)-Higgs bundle with degV > degW, if and only if the line bundle 
Ui and the divisor D satisfy (6.19), i.e., 

2Nm Ui = p{2p - 1)K - D. 

Remark 6.13. Recall from Chapter 2 that an SU(p,p)-Higgs bundle is a fixed point of the 
involution 9 : (£, >-> (£, — in the moduli space of SL(2p, C)-Higgs bundles. As such, the 
corresponding line bundle M in the Jacobian variety of S for which p^M = V ®W satisfies the 
Prym conditions 
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Chapter 7 

Spectral data for Sp(2p, 2p)-Higgs 
bundles 

In previous chapters we studied G-Higgs bundles from different points of view. In particular, 
in Chapter 6 we looked at the spectral data corresponding to t/(p,p)-Higgs bundles in the 
regular fibres of the Hitchin fibration. In this chapter we shall follow a similar approach 
and consider Sp(2p, 2p)-Higgs bundles on a compact Riemann surface S as fixed points of 
the involution 

acting on the moduli space ^sp[4p,c) of SpC4p,C)-Higgs bundles. Moreover, Sp(2p,2p)- 
Higgs bundles can be seen as SL/(2p, 2p)-Higgs bundles but, as we shall see, they corre- 
spond to points in the singular fibres of the SL(4p, C) Hitchin fibration 

h : ^SL(,4p,C) ~* ^SLi4p,C)' 

fixed by the involution 

G,„:(£,*)^(E,-*). 
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Hence, by understanding the fixed point set we obtain information about the singular fibres 
of the SL(4p, C)-Hitchin fibration. 

We begin the chapter recalling the main properties of Sp(2p,2p)-Higgs bundles and 
describing their different associated curves. In Section 7.2 we study the relation between 
Sp(2p, 2p)-Higgs bundles and vector bundles of rank 2, and define the spectral data asso- 
ciated to stable Sp{2p, 2p)-Higgs bundles. In Chapter 8 we shall relate the spectral data to 
a certain moduli space of parabolic vector bundles of rank 2 on a covering of S. 



7.1 Sp{2p, 2p)-Higgs bundles 

The symplectic Lie algebra sp(4p, C) is given by the set of 4p x 4p complex matrices A that 



satisfy J2p^+^''^2p — for 



f \ 

I 



J2p = 



In this chapter we shall consider Higgs bundles for the real form Sp(2p, 2p) of the Lie group 
Sp(4p, C), whose Lie algebra is 



'2p 





J 



5p(2p,2p)= { 



f 


Zn 


Z\2 


Zl3 


^14 






Z22 


^14 


^24 




~Zi2 


Z14 




~Z\2 


V 




"■^24 


^12 


Z22 J 



Z^^j complex matrices, 
Zii, 2i3,Zi2, p X p matrices, 
Zii, Z22 skew Hermitian, 
Z13, Z24 symmetric 



} . 



We have seen in Chapter 3 that Sp(2p, 2p)-Higgs bundles are fixed points of the invo- 
lution 

e : (£, $) ^ (£, $'^) 

on Sp(4p,C)-Higgs bundles corresponding to vector bundles E which have an endomor- 
phism f : E ^ E conjugate to Kp p, sending $ to as in Section 3.4.2, and whose ±1 
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7.1. Sp{2p,2p)-Higgs bundles 



eigenspaces are of dimension 2p, where 









-Ip 














Ip 


Ip 














-Ip 









Concretely, Sp(2p,2p)-Higgs bundles are defined as follows: 



Definition 7.1. An Sp[2p, 2p)-Higgs bundle is a pair (£, where E = V ®W for V and W 
rank 2p symplectic vector bundles, and where the Higgs field is 



13 -.W ^ViS>K 
for i and 13 = —y^, 

y.V^W^K 



for y^ the symplectic transpose of y as in Section 3.4.2. 



Following the approach of Chapter 6, we shall study the different curves associated to 
an Sp(2p,2p)-Higgs bundle. 



7.1.1 The associated curves 

Let K be the canonical bundle of the compact Riemann surface S, and X its total space with 
projection p : X — > S. Consider (V © W, an Sp[2p, 2p)-Higgs bundle as in Definition 7.1. 
Since $ is an Sp(4p, C)-Higgs field, from Chapter 2, its characteristic polynomial is 

det(x - = x^P + x'^P-^a^ + x^^-^Oa + . . . + x^aap.j + a2p. 
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The above coefficients, which are given by polynomials in tr($'), define the spectral curve 
of the Higgs field, whose equation is 

<5»(rj2) — T,4p ^ ^4p-2^^ ^ rj4p-4a2 + . . . + rj^Oap-i + a2p = 0, (7.1) 

where rj is the tautological section of the pullback of iC toX, and a; e H°(S,iC^'). One may 
also consider the maps y^y and yy'^, where 

y^y : V^VSiK^. 

For y = x^, the characteristic polynomial of yy^ and y'^y is 

y2p ^ y2p-i^^ + y^P-^a2 + ... + ya2p_i + a2p. 

Hence, for := 17^, the coefficients of the above polynomial define the spectral curve of 
yy"^ and y'^y, whose equation is 

0»{Q := + + f'-^a^ + ... + ^a^^.^ + a^^ - 0, (7.2) 

and which lives in the total space of K^. 



Proposition 7.2. The divisors defining the curves (7.1) and (7.2) have multiplicity 2. 



Proof Let co : V = V* he the s}Tnplectic form on the vector bundle V. The composition of 
CO with the map y'^y : V JC"^ — > V defines the section 

r: ViS)K~^^V*, 
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which is skew symmetric. As 7^7 : V — > V (E> JC^ is a symplectically self adjoint operator, 

det(^-r^r) = detC^o;-^ - r). 

Moreover, since ^oj~^ — F is skew symmetric, its determinant is the square of the corre- 
sponding Pfaffian and ^ — yy^ has even-dimensional eigenspaces. Therefore, 

det(? - rV) - pH^co-' - n := 
The equation of the spectral curve (7.2) associated to y^Y can be rewritten as 

for bi e H°{T,,K^'), and thus is reducible. 

The same argument can be made for 77^ and <J>, and thus the spectral curve of <J> has 
equation (rj^P -|- b^-q^P'^ + ... + bp_ir]^ -|- b^J^ ^ 0. □ 

Consider a 2-dimensional generic eigenspace of 7^7, and let V; for i = 1,2 be a basis of 
eigenvectors such that y^yv, = — A^v,, where A 7^ 0. Then, for w^ := Y^il^ one has that 

rr^Wi ^ rfrvil^ = -Y^^Vi/x = -a^w;, 

and thus W; is an eigenvector of yy^ with eigenvalue — A^. Moreover, the vector (v;,Wi) 
satisfies 



fo 


-r 
















f 


-r^r^i/A 






f 






° J 












J 








J 




J 



Hence, (vj,!^;) is a A-eigenvector of $ for i = 1,2. 

Remark 7.3. for i = 1,2, the vectors (v;, — W;) span an eigenspace of with eigenvalue — A. 
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Hence, there is an isomorphism between the 2-dimensional eigenspaces of ^ for eigenvalues +A 
and —X, given by (V;,W;) >-> (v;,— W;). From here one can see, again, that the characteristic 
polynomial of ^ is invariant under the map 17 >-> —17. 

Definition 7.4. We denote by p : S ^ T. the 2p-fold cover ofT. in the total space of K whose 
equation is 

p{n^) ■- ri'P + b^ri^P-^ + ... + bp_iTj2 + bp = 0. (7.3) 

Note that (7.3) defines a divisor of p*K^^ , and since a cotangent bundle has trivial 
canonical bundle it follows that Kg = p*K^^ . Hence, 

gs = V(g-l) + l■ 
Definition 7.5. We denote by'p : S ^ Hthe p-fold cover ofT, in the total space of whose 
equation is 

- + b,^P-' + ... + + bp = 0, (7.4) 

where b; eH°(S,iC^'). In particular, a2p = b^. 

The characteristic polynomials !^{ri^) and ^(1^) of $ and 77^, respectively, can be 
written as 

3P{if) = p{n^f and 

The curve S has a natural involution (7(17) = —17, and taking the quotient of S by the action 
of u one obtains the curve S. In this case, since the canonical bundle of is p*K~^ the 
adjunction formula gives 

Ks = p*K^P^p*K-\ 
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and thus one has that 

g5-(2p2-pXg-l) + l. 
We have defined the following coverings of the compact Riemann surface: 




From Proposition 7.2, all Sp(2p,2p)-Higgs bundles have singular spectral curves, i.e., 
have reducible characteristic polynomial det(p*$— 97) = p(rj^)^. Moreover, the map p*^— 17 
has 2-dimensional cokernel. Thus, whilst in previous chapters we considered line bundles 
on spectral curves, in this chapter we shall look at rank 2 vector bundles on the curve S, 
which we require to be smooth. 



7.2 The spectral data of Sp(2p, 2p)-Higgs bundles 

In this section we shall analyse the relation between Sp(2p, 2p)-Higgs bundles and rank 
2 vector bundles on the smooth curves S and S. Note that a rank 2 vector bundle M on 
S which is preserved by the involution a has an induced action of deter on A^M over the 
fixed points. If A^M is a pullback from S, then there are only two induced actions on the 
bundle: the trivial action and the opposite one. The former case corresponds to a having 
equal eigenvalues on M over all fixed points, and the latter case corresponds to a having 
different eigenvalues over all fixed points. 

Proposition 7.6. Let M be a vector bundle on the 2p-fold cover p : S — > S which is preserved 
by the involution a, and whose determinant bundle is given by detM = p*iC^^~^. If the 
involution a acts with eigenvalues +1 and —\ onM over all fixed points, then p^M = V ®W, 
for V and W rank 2p symplectic vector bundles on S. 
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Proof. Consider M a rank 2 vector bundle on p : S ^ S for which A^M ^ p*K^P ^. By the 
relative duality theorem [BNR] , one has that 

= p^ip*K^P-^^M^A^M*) 

= P.m. 

Similarly, taking the direct image in the 2-fold cover tt : S — > S one has that 

^ n^ip*K^P (8) n*Kr^ M*) 

^ 7i^(p*K^P ® n*p*K-^P+^ M*) 

^ 7r^(M)®p*iC-2p+2. 

This duality can be described explicitly in the following way. The 2-fold covering n defines 
a map 

d7i:K~'^ n*Kr'^, 
^ s 



or equivalently, a section of Kg ® ^. At a generic point x in S, for s and / sections of 



M and Kg ® respectively, there is a natural pairing 

dn 

yen ^(x) 

where < , > is the canonical pairing between M and M* (E) p*K with values on p*K. 



In the case of the double covering ti : S — > S, the duality in the proximity of a ramifi- 
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cation point can be seen following a similar approach to Example 2.13. Indeed, the fixed 
points of the involution cr acting on S give the ramification points of the double cover 
71 : S — > S. For and local neighbourhoods of S and S, respectively, and z a local 
coordinate near a ramification point, the cover is given by 



and a section of p*K (E) M* looks like 

fzM = Co(w) + zCl(w), 

where ho,?ii,Co ^rid are vector valued. Thus, the space of sections of the direct image 
n^M is the direct sum of 2 copies of the vector valued holomorphic functions on . We 
shall denote by s_^(w) and /.^(w) the functions for — z. Then, for s(w) = (s^(w),s_^{w)) 
and /(w) = (/z(w),/_2(w)), a concrete expression of the duality theorem in a neighbour- 
hood of Wq is given by 



z 



w. 



In a neighbourhood of a ramification point, a section of M looks like 




_ < <ro(w) + zCi(w),/io(w) + zhi(w) > 
2z 

< Co(w) - zCi(w), ho(w) - zhi(w) > 
-2z 

= <Ci(w),/io(w)> + <Co(w),/ii(w)>. 



(7.6) 
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Since M is preserved by the involution a, following the ideas of Chapter 6, its direct image 
can be expressed as direct sum defined via the invariant and anti-invariant sections 

n^[M) = Mv®Mw. (7.7) 

Without loss of generality we let My correspond to the invariant sections of M, and define 
"p^My = V and p^Mjy = W. Since p = "pn, we have p*M = V ®W. Suppose that cr acted 
at a fixed point only with +1 eigenvalues. Let /io(0) = e; and ^q{0) = e^, for = (1, 0) and 
^2 — (0, 1). Since 

the pairing between the factors can be seen as follows. Recall that cr sends z >-> —z, and so 
the trivial action at a fixed point would give 

ei+zej >-> Ci-zCj, (7.8) 

for i,j = 1,2. This implies, in particular, that the pairing < , is degenerate on the 
invariant sections defining V. Indeed, the invariant sections would be given by hi[0) = 
and Ci(0) = 0> which would make the pairing (7.6) vanish. 

On the other hand, if the action of cr has different eigenvalues over the fixed points, 
say +1 on (0, 1) and —1 on (1,0), then the invariant sections of M are spanned by (0, 1) 
and z(l, 0) (and similarly for the invariant sections of p*K <E) M*). Hence, in this case from 
(7.6) the pairing < , >§ is non degenerate over the invariant sections, where for constants 
Cj for j = 1, . . . , 4 we have 



<s(0),/(0)>s = <Ci(l,0),C2(0,l)> + <C3(0,l),C4(l,0)> 

= C;^C2 — C3C4. 
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Similarly, from (7.6), one can see that in this case the pairing is non-degenerate over the 
anti-invariant sections, which are spanned by (1,0) and z(0, 1). Therefore, the bracket 
< , >5 pairs My (and M^) non degenerately with itself only if the involution cr acts with 
different eigenvalues over a fixed point. 

If a acts with different eigenvalues, the non degenerate pairing induces skew isomor- 
phisms 

My=M*® p*K^P-^ and = M^; p*K^P-^. 

By the relative duality theorem, this implies that V and W are isomorphic to their duals. 
Moreover, the isomorphisms are symplectic. Indeed, since, at a generic point, V is a direct 
sum of p copies of My, for each i = \,...,p we have the skew symmetric pairing < , 
and thus we define the natural skew symmetric pairing on the direct image V = p^My 
given by 

The symplectic structure on W is defined in a similar fashion. □ 

A rank 2 vector bundle M satisfying Proposition 7.6 defines a symplectic Higgs field 
on S in the following way. Consider the tautological section 17 of p*K, and the induced 
multiplication map 

H°(p-H'?/),M) tH^{p-^{q/)^M ® p*K), (7.10) 

for ^ an open set in S. By the definition of direct image, this map gives the Higgs field 
$ : p*M — > p^M<S>K. Since V and W are the images of invariant and anti-invariant sections 
respectively, $ is a symplectic Higgs field which maps >-> W and W '-^ V iS> K. 

Conversely, starting with a symplectic Sp(2p, 2p)-Higgs bundle one can define a rank 2 
vector bundle on the associated 2p-fold cover p : S — > S, such that it is preserved by the 
natural involution on S, and it is acted on by the involution with different eigenvalues over 
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the fixed points: 

Proposition 7.7. Each Sp(2p,2p)-Higgs bundle on T. with smooth curve S, defines a rank 2 
vector bundle on S of determinant p*K^P~^ which is preserved by the involution a and acted 
by as +1 and — 1 over all fixed points. 

Proof Consider the map in S induced by the Sp(2p, 2p)-Higgs bundle 

p*$ : p*E ^ p*E® p*K. 
As seen previously, there is a canonically defined vector bundle of rank 2 on S given by 

M := coker(p*$ — rf}. 

Since the ramification divisor of p : S — > S is a section of p*K^^~^, from [BNR], the vector 
bundle M fits in the exact sequence 

^M0p*iC-2^+i ^p*E-^p*iE^K) ^M^p*K ^0. (7.11) 

Dialysing the above sequence and tensoring by p*K, via the identification with the sym- 
plectic form one has 

^ M* ^ p*£ -^p*E <8) p*K ^ M* <8) p*K^P ^ 0. 

Since cr : 17 >-> —17, the vector bundle M* for eigenvalue —17 is transformed to 

cr*M* ^ M p*K-^P+'^ 

for eigenvalue 17. By Remark 7.3 there is an isomorphism between these two spaces and 
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thus a*M ^ M, i.e., the vector bundle M is preserved by the involution a, and 

M = M*^p*K^P-^. 
Thus, A^M = p*K^P~^, as in the hypothesis of Proposition 7.6. 

We shall now understand how the involution a acts on M at a fixed point. Let w be a 
local coordinate on S where at w = the Higgs field is singular. Since S is smooth, y drops 
rank by 1 and we can find bases of V and W such that y is 



w ... ^ 



1 ... 
1 ... . (7.12) 



^ 1 J 



This leads to a local form for the Higgs field $ which is given by a non-singular component 
times 












w 








1 








w 




















(7.13) 



J 

Without loss of generality, we shall let $ equal the above form, in which case a local coor- 
dinate Tj on S corresponds to w = rj^. The rank 2 vector bundle M on S may be expressed 
as M = coker(p*$ — rj) = ker(p*$ — 17)'. 



Following the approach of Proposition 7.6, consider Vj = (1,0) and V2 = (0, 1) in the 
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-Tj^-eigenspace of y^y and let 



r 



w 



^2 := yvi/v- = 



w ^ 



^1 Oj 



f . ^ 



1 

V 
1 



< ^ 

I) 



(7.14) 



(7.15) 



Then, as seen previously, the 17-eigenspace of $ is spanned by '■= (v^, w^) = (1, 0,0, 1/17) 
and X2 := (v2,W2) = (0, 1,17,0), whilst the — rj-eigenspace of $ is spanned by the vectors 
yi ■= = (1,0,0,-1/17) and J2 := (^2,-^3) = (0,1,-17,0). As 17 goes to zero the 

eigenspace is spanned by (0, 0, 0, 1) and (0, 1, 0, 0) in the first case, and by (0, 0, 0,-1) and 
(0, 1,0,0) in the second. By Remark 7.3 the eigenspaces are identified via an isomorphism 
Axi = Yi and = Ji, and thus ^(17^^) = 17/1 . As 17 goes to zero, the two spaces coincide 
and 17x1 — > (0, 0, 0, 1) and rjyj — > —(0, 0, 0, 1). Hence, the limit of the isomorphism between 
the two eigenspaces is —1 on the first factor and +1 on the second, i.e., the action of cr has 
different eigenvalues, proving the proposition. □ 



Remark 7.8. If a rank 2 vector bundle M on S preserved by a and with determinant p*K^^~^ 
is acted by the involution as +1 over all fixed points, or —1 over all fixed points, then its direct 
image v^^ould not induce a symplectic Higgs bundle. In fact, the map $ in this case is given by 



^ w ^ 



w 
10 



^01 J 



(7.16) 



which is not of the correct form since if j becomes singular so should 7' 
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7.2.1 Stability conditions 

The relation between the stabihty of the rank 2 vector bundles on S introduced in Propo- 
sition 7.6 and Proposition 7.7, and stability of the corresponding Sp(2p, 2p)-Higgs bundles 
on S is given as follows. 

Proposition 7.9. An Sp(2p, 2p)-Higgs bundle on S with smooth curve S is stable if and only 
if its corresponding rank 2 vector bundle M on S is stable. 

Proof Under the above hypothesis, the square root of the characteristic polynomial of an 
Sp(2p, 2p)-Higgs bundle (E := p^M, is an irreducible pol}Tiomial p(t}^) defining the 
smooth curve S. Since the characteristic polynomial of (£, restricted to any invariant 
subbundle must divide det(Tj — p*^>) = p(rj^)'^, the only invariant subbundles of E are rank 
2p vector bundles F corresponding to the factor p(t}^). 

Since there are no invariant subbundles of F, the restriction <^p of the Higgs field to F 
gives a rank 2p classical Higgs bundle (F, $f ) which is stable. Moreover, by construction 
its spectral curve is given by the equation p(ri^) = 0, i.e., by the 2p-fold cover S. From 
Chapter 2, there is a line bundle L on S for which p^L = F. Since F <z E = p^M, the line 
bundle L is a subbundle of the rank 2 vector bundle M. Hence, for M such that p^M = E, 
the invariant subbundles of E correspond to line subbundles L c M on S. 

The vector bundle M is stable if and only if for all line subbundles L c M one has that 
/i(L) < /j(M), or equivalently that 

degL<(2p2-pX2g-2). 

Hence, M is stable if and only if the direct image of invariant subbundles satisfies 

degp.L = degL + (l-gs)-2p(l-g) 
= degL + (2p- VXg-l)<0. 
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Since the vector bundle p^M has degree zero, if M is stable, the direct image p^L does not 
make the Higgs bundle unstable. Conversely, if the Higgs bundle is stable, all its subbundles 
are of the form p*L for I c M, and satisfy degp^L < 0. Hence, in this case one has 
degL < (2p^ — p)(2g — 2) and thus M is stable. Therefore, the vector bundle M on S is 
stable if and only if the induced Higgs pair (E := p^M, $) on S is stable. □ 

The spectral data associated to Sp(2p, 2p)-Higgs bundles is thus described as follows. 

Theorem 7.10. Each stable Sp(2p, 2p)-Higgs bundle (E = V ®W,(^) on a compact Riemann 
surface S of genus g > 2 for which p(rj^) = defines a smooth curve, has an associated pair 
(S,M) where 

(a) the curve p : S ^T. is a smooth 2p-fold cover of S given by the equation 

in the total space ofK, where b; e H^(J1,K'^^), and 17 is the tautological section of p*K. 
The curve S has a natural involution a acting fay 17 >-> —17; 

(b) the vector bundle M is a rank 2 vector bundle on the smooth curve p : S — > S with 
determinant bundle A^M = p*K~^P~^^, and such that a*M = M. Over the fixed points 
of the involution, the vector bundle M is acted on by a with eigenvalues +1 and —1. 

Conversely, a pair (S,M) satisfying (a) and (b) induces a stable Sp(2p,2p)-Higgs bundle 
ip^M = V ®W,^) on the compact Riemann surface S. 

7.2.2 Dimensional calculations via the spectral data 

Through dimensional calculations, we shall show here that the space of Sp(2p, 2p)-Higgs 
bundles satisfying the hypothesis of Theorem 7.10 sits inside the moduli space ■^sp[2p,2p) 
of Sp(2p,2p)-Higgs bundles as a Zariski open set. Recall that the dimension of the space of 
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stable Sp(4p,C)-Higgs bundles is 

dim^sp(4p,c) ^ dimSp(4p,C)(g - 1) = 4p(4p + l)(g - 1). 

Remark 7.11. Since the dimension of the real group Sp{2p,2p) is 2p(4p + 1), the expected 
dimension of the moduli space of Sp{2p,2p)-Higgs bundles is 

Let ^ be the moduli space of semi-stable rank 2 vector bundles on S with fixed deter- 
minant bundle p*K^^~^ , and V a representative of a point in Then, the tangent space 
of^ at [V] is 

r^[v] ^HHs,EndoV). 

Note that the dimension of is dim^/K = 3gg — 3 = 12p^(g — 1). On there is an induced 
action of cr, and hence one may consider , the subspace of fixed isomorphism classes 
of vector bundles. From [AG06, Section 2], any point in the moduli space ^ fixed by cr 
can be represented by a semi-stable bundle with an action of cr, covering the action on S. 
Moreover, since the action of cr extends to an action a on the tangent space TjV, one has 

dim^'^ = dimH^(S,EndoV)+, 

for H^S, EndoV)+ the fixed set of a. 

Proposition 7.12. The dimension of the parameter space of Sp(2p,2p)-Higgs bundles as in 
Theorem 7.10 is, as expected, 2p(4p + l)(g — 1). 

Proof Recall from Theorem 7.10 that Sp(2p, 2p)-Higgs bundles satisfying the hypothesis 
have an associated pair (S,M). Hence, via the spectral data (S,M) it is sufficient to show 
that the dimension of the space of rank 2 vector bundles preserved by the involution cr, 
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together with the dimension of the parameter space defining S sum up to 2p(4p + l)(g — 1). 
From its construction, the curve S is defined by the coefficients bj e H°(S,iC^'), and thus 
the dimension of the parameter space is given by 

dimf 0H°(S,ic2^) I ^ ^dim(H°(E,ic2')) 



. i=l 



i=l 

P 



2(4i-lXg-l) 



i=l 



- (2p2+pXg-l). 

Hence, to prove the proposition one needs to show that the dimension of satisfies 

dimC^'^) = dim^sp^2p,2p)-(2p^ + PXg-l) 

= 2p(4p + lXg-l)-(2p2+p)(g-i) 

= (8p2 + 2p-2p2-pXg-l) 
= (6p2+pXg-l) 



Since from Theorem 7.10 the action of cr on V maps (v^, V2) >-> (v^, — V2), the induced action 
on EndgV is given by 



1 



a b 



-a^ 



1 



and thus it can be expressed in a suitable basis as 



100 



o" :- 



0-10 







a -b 



(7.17) 
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By means of a and its action on H^{S, End^V), we shall study the dimension 

dim^'^ = dimHHs,EndoV)+ 

through the Lefschetz number associated to a on EndgV as defined in [AB68]. By 
[AB68, Eq. 4.11], the number is given by 



— trace <5'lHO(s,Endo(v)) ~ face o-\H\s,Endoiv))- 



By stability dimH°(S,EndoV) = and hence 



— "trace CT 1^1(5 £rido(y)) 

= -dimH^S, Endo(l^))+ + dimH^S, Endo(l^))". 

Furthermore, by [AB68, Theorem 4.12] we have that 

trace d-\^ndoVp _ trace alj^ndoV^ 

~ f^^ det(l-dcT) ~ f^^ 2 ■ 

p J ixea P J ixea 

Since trace irlEndoVp ~ ~^ °^^r all 4p(g — 1) fixed points, one has that 

= -2p{g - 1). 

This implies that 

-dimHHs,Endo(V))+ + dimHHs,Endo(V))" = -2p(g - 1). 
By Riemann-Roch and Serre duality 

dimHHS,Endo(V))+ + dimHHS,Endo(V))" = 12p2(g - 1), 
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Thus, the dimension of is given by 

dim(^'^) = dimH^S, Endo(V))+ = (Gp^ + p)(g - 1), 

whence the resuh follows. □ 

Since the locus in j?/sp(4p,c) defining singular curves S is given by algebraic conditions, 
the space of isomorphism classes of Higgs bundles (£, ^) satisfying the conditions of Theo- 
rem 7.10 is included in ■^sp(2p,2p) a Zariski open set. 
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Chapter 8 

Applications 



In this chapter we shall describe some applications of the results given in Chapters 5-7. 
In Section 8.1 we calculate the number of connected components of the moduli space of 
SI(2, M)-Higgs bundles (see [Hit87], [G088] ) via the monodromy action studied in Chap- 
ter 5. In Section 8.2 we give a new geometric description of the connected components 
of the moduli space of U(p,p) and SL7(p,p)-Higgs bundles which intersect the generic fi- 
bres of the corresponding Hitchin fibration. Finally, in Section 8.3 we give new results on 
connectivity for the moduli space of stable Sp(2p, 2p)-Higgs bundles via the spectral data 
given in Chapter 7. 



8.1 The moduli space of 51(2, M)-Higgs bundles 

Let ^ be the moduli space of SL(2, C)-Higgs bundles. From Theorem 4.12, the intersec- 
tion of the moduli space ^sl(2,r) of SL(2, IR)-Higgs bundles with the smooth fibres of the 
Hitchin fibration 

h: ^ ^ ^ 

is the space of elements of order two, giving a covering of the regular locus in j^/. Hence, a 
natural way of obtaining information about the topology of the moduli space ^sl(2,m) is via 
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the monodromy action of the covering. In this section we calculate the number of connected 
components of ^sLi2,R) '^i^ Theorem 5.23, and thus describe the connected components 
of the space of surface group representations into SL(2, M). We shall begin by studying 
the orbits of the monodromy action in Section 8.1.1, and then relate this analysis to the 
connected components of the moduli space of SL(2,M)-Higgs bundles in Section 8.1.2. 

Since we consider the moduli space (2,r) sitting inside ^ , as mentioned in Chap- 
ter 3, two real representations may be conjugate in the space of complex representations 
but not by real elements. Indeed, if A is in GL(2, M) and detA = —1 then iA is in SL(2, C) 
and conjugates SI(2, M) to itself. Thus, flat SL(2,M) bundles can be equivalent as SL(2, C) 
bundles but not as SL(2, M) bundles. In particular, since A changes orientation in it will 
take Euler class k to Euler class —k. 

In the remainder of the section we first calculate the number of connected components 

of 

-^SL(2,K) via the inclusion ^sl(2,r') > ^rid then add the number of connected com- 
ponents corresponding to —k which could not be seen through the monodromy analysis. 



8.1.1 The orbits of the monodromy action 



Recall from Theorem 5.23 that for Gq the monodromy group, the representation of cr e Gq 
in the basis P as defined in Definition 5.21, is given by 





A 





n 



J 



(8.1) 



where n is the quotient action on /(I, • • • , 1) induced by the permutation represen- 

^2 



tation on zt^ ^, and A is any (2g) x (4g — 6) matrix with entries in Z2. We shall denote 



by G(^s,x) the orbit of (s,x) e P[2] = © Z^^ ^ under the action of Gg. For g e Gg, the 
induced action on (s, x) is given by 





A 





n 



{ 
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Proposition 8.1. The action of Gq on P[2] has 2^^ + g — 1 different orbits. 

Proof The matrices A have any possible number of I's in each row, and so for x 7^ any 
5' e may be written as 5' = 5 + Ax for some A. Hence, the number of orbits G(^s,x) for 
X 7^ is determined by the number of orbits of the action in ^ defined by ^ : x — > tix. 
The map ^ permutes the non-zero entries of x and thus the orbits of this action are given 
by elements with the same number of I's. 

From equation (5.13) the space ^ can be thought of as vectors in ^ with an 
even number of I's, modulo (1,...,1). Thus, for x e 1^^ ^ and x 7^ 0, each orbit is 
defined by a constant m such that x has 2m non-zero entries, for < 2m < 4g — 4. Let 
us call X e Z^^~^ the element defined by the constant m such that 2ih = (4g — 4) — 2m. 
With this notation, we can see that x and x belong to the same equivalence class in Z^^ ^ . 
Note that for m 7^ g — 1, 2g — 2, the corresponding x is equivalent to x under E, and thus 
in this case there are g — 2 equivalent classes . Then, considering the equivalence class 
for m = g — 1, one has g — 1 different classes for the action of E,. From equation (8.2), the 
action of Gq on an element (s, 0) e P [2] is trivial. Thus, in this case one has 2^^ different 
orbits of Gq. □ 

Recall that the fixed point set in M of the involution 9 is given by the moduli space 
of semistable SL(2, M)-Higgs bundles. As an application of our results, we shall study 
the connected components corresponding to stable and strictly semistable SL(2,M)-Higgs 
bundles. In particular, we shall check that no connected component of the moduli space 
^5i(2,K) liss entirely over the discriminant locus of j4 . 

8.1.2 Connected components of ^sl{2M) 

The bundle of P[2] is a finite covering of ^^eg of degree 2^^~^. Considering two points p 
and q which are in the same orbit under the monodromy action, there is a path in 
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whose action connects them. The horizontal lift of the path in J2f,.^g is a path in P[2] which 
connects these two points. Hence p and q are in the same connected component of the 
fixed point submanifold of 9 : (£, >-> (E, — 

Since SL(2, M) is isomorphic to SU(1, 1), a stable SL(2, C)-Higgs bundle (£, whose 
isomorphism class is fixed by the involution G : (E, >-> (£, — is given by an S[/(l, 1)- 
Higgs bundle, and thus from Chapter 3 the Higgs field can be expressed as 



;H°(S,Endo(f;)(e)K). 



(8.3) 



In particular, 6 acts on E via transformations of the form 



± 



(8.4) 



In the case of strictly semistable Higgs bundles, the following Proposition applies: 

Proposition 8.2. Any point representing a strictly semistable Higgs bundle in M fixed by 
is in the connected component of a Higgs bundle with zero Higgs field. 



Proof. The moduli space ^ is the space of S-equivalence classes of semistable Higgs bun- 
dles. A strictly semistable SL(2, C)-Higgs bundle (£, is represented hy E = V ® V* for a 
degree zero line bundle V, and 



^ ^ 



for aeH°(i;,iC). 



If is nontrivial, one has an SL(2,M)-Higgs bundle only for $ = 0, which corresponds 
to a flat connection with holonomy in the group S0(2) c SL(2,R). If is trivial then 
the automorphism (u, v) >-> (v, — u) takes <I> to — corresponding to a flat bundle with 
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holonomy in M* c SL(2,M). By scaling <l> to zero this is connected to the zero Higgs field. 
The differential a can be continuously deformed to zero by considering ta for < t < 1. 
Hence, by stability of line bundles, one can continuously deform (£, to a Higgs bundle 
with zero Higgs field via strictly semistable pairs. □ 

In the case of stable SL(2,M)-Higgs bundles we have the following result: 

Proposition 8.3. Any stable SL(2,M.)-Higgs bundle is in a connected component which inter- 
sects .My^g. 

Proof. Let (E = V ® V*, be a stable SL(2, M)-Higgs bundle with 



;H°(I],Endo(f;)(e)K), 



and d := degV > 0. Stability implies that the section y ^ H°(S, V~^J<C) is non-zero, and 
thus < 2d < 2g — 2. Moreover, the section (3 of V^K can be deformed continuously to 
zero. 

The section j defines a divisor [y] in the symmetric product S^^~^~^''S. As this space 
is connected, one can continuously deform the divisor [y] to any [f ] composed of distinct 
points. For a e J^^^g with zeros x^, . . . , X4g_4, we may deform [y~\ to [f] given by the 
points Xi, . . . ,x„ e S for n 2g — 2 — 2d, and such that f is a section of U~^K for some 
line bundle U. 

The complementary zeros x„_|_i, . . . ,^4^.4 of a form a divisor of U^K. Any section 
^ with this divisor can be reached by continuously deforming [^] from zero to the set 
x„+i, . . . ,X4g_4. Hence, we may continuously deform any stable Higgs bundle given by 
(V © V*, $ - {15, r}) to ([/©[/*, -I = f }) in J^,,g. □ 

The above analysis establishes that the number of connected components of the fixed 
point set of the involution 9 on ^ is less than or equal to the number of orbits of the 
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monodromy group in P[2]. A flat SL(2,R)-Higgs bundle has an associated RP^ bundle 
whose Euler class fc is a topological invariant which satisfies the Milnor-Wood inequality 
— (g — 1) < fc < g — 1. In particular, SL(2,M)-Higgs bundles with different Euler class 



k = g — 1,— (g — 1) one has 2^^ connected components corresponding to the so-called 
Hitchin components. Hence, the lower bound to the number of connected components of 
the fixed point set of the involution 9 for /c > is 2^^ + g — 1 . As this lower bound equals 
the number of orbits of the monodromy group on the fixed points of 6 on Mreg, one has 
that the closures of these orbits can not intersect. 

Since we consider fc > 0, the number of connected components of the fixed points of 
the involution 



on Myeg is equal to the number of orbits of the monodromy group on the points of order 
two of the regular fibres My^.^, i.e. 2^^ + g — 1. From the above analysis, one has the 
following application of Theorem 5.23: 

Proposition 8.4. T/ie number of connected components of the moduli space of semistable 
SLi2,R)-Higgs bundles as SL(2, C)-Higgs bundles is 2^^ + g - 1. 

As mentioned previously, the Euler classes —k for < ?c < g — 1 should also consid- 
ered, since this invariant labels connected components ^^i^2k) ^^ich are mapped into 
^},f2 ro-) ^ Hence, we have a decomposition 



which implies the following result: 

Proposition 8.5. The number of connected components of the moduli space of semistable 
SLi2,R)-Higgs bundles is 2-2^^ + 2g- 3. 



lie in different connected components 



'SL(2,R) 



of the fixed point set of 9. Moreover, for 



9: (£,*)-^ (£,-$) 
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The construction of the orbits of the monodromy action provides a decomposition of 
the 4g — 4 zeros of det$ via the 2m non-zero entries in Proposition 8.1. An element M of 
order two in the Prym variety has the property that t*M = M. Considering the notation 
of Section 5.1.2, the distinguished subset of zeros correspond to the points in the spectral 
curve S where the action on the line bundle U is trivial. 

8.2 The moduli space of [/(p,p)-Higgs bundles 

As seen in Chapter 6, each stable [/(p,p)-Higgs bundle satisfying the hypothesis of Theorem 
6.9 has an associated triple (S,Ui,D), where S is a smooth p-fold cover of the Riemann 
surface, Ui is a line bundle on the curve and D is a positive divisor on S. By means 
of dimensional arguments one can show that the space of isomorphism classes of Higgs 
bundles satisfying the theorem is included in the moduli space Mu{p,p) as a Zariski open 
set. Indeed, recall from Chapter 2 that the dimension of the moduli space ^GL(2p,c) is 

dim^GL(2p,c) = dimGL(2p, C)(g - 1) - Sp\g - 1) + 2. 

Remark 8.6. The expected dimension of the moduli space of U(p,p)-Higgs bundles is 

dimjKy^p p^ = 4p^(g - 1) + 1. 

Via Theorem 6.9 the dimension of the parameter space of triples (S,Ui,D) is calculated 
as follows. 

Proposition 8.7. The dimension of the parameter space of the triples (S, Ui,D) associated to 
U{p,p)-Higgs bundles as in Theorem 6.9 is, as expected, 4p^(g — 1) + 1. 

Proof Since the curve S is defined by the coefficients a, e H°(S,K^') as in Theorem 6.9, 
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the corresponding parameter space of S has dimension 



dim 0H°(S,ic2^) ^ J(4j_ixg_i) 



.1=1 y i=i 



= [4— pj(g-l) 

= (2p2+pXg-l). 

The choice of the divisor D gives a partition of the zeros of a^. Finally, from Theorem 
6.9, the choice of is given by an element in Jac(S) and thus its parameter space has 
dimension 

dim Jac(S) - gs - 1 + (2p' - p)(g - 1). 
Hence, the parameter space defining the pairs (S, Ui,D) has dimension 

(2p2 + pXg - 1) + 1 + (2p2 - pXg - 1) = 4p2(g - 1) + 1, 

which proves the proposition. □ 

Since the singular locus in the parameter space is given by algebraic equations, the space 
of isomorphism classes of [/(p,p)-Higgs bundles satisfying the hypothesis of Theorem 6.9 
is included in the moduli space Mij{p,p) as a Zariski open set. 



8.2.1 Connected components of ^uiip,p) 

We shall now describe how a connected component of Mij{p,p) which intersects a regular 
fibre of the classical Hitchin fibration looks like. For this, we shall consider the data defining 
the triples (S, Ui,D) from Theorem 6.9. 

Remark 8.8. One should note that since we consider U(p,p)-Higgs bundles as sitting inside 
the GL(2p, C) Hitchin fibration, not all connected components are detected: a similar situation 
as the one described in Section 8.1.2 for SU(1, 1)-Higgs bundles is encountered here. 
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Recall that the spectral curve is defined by the coefficients e H°(S,iC^') such that 
has simple zeros. Hence, the choice of S is given by a Zariski open in the total space of 

p-i 

i=l 

From Remark 6.8, the divisor [a^] of the section can be written in terms of positive 
divisors as [a^] = D + D, where the degree < m < 2p[g — 1) of D gives a separation of 
the zeros of . The choice of D lies in the symmetric product T.^"^^ c S'"S, and together 
with a section 5 oi K^p[—D] with distinct zeros, gives the map e h'^(T,,K^p). Note that 
by Serre duality, 

dimH^liJ],K^P [-D]) = dimH°iJ:,K^-^P [D]). (8.5) 

For V > w 7^ 0, one has < m < 2p(g — 1), and thus for p > 1 we have that 

degiK^-^P[D]) = (l-2p)(2g-2) + m<0. 

By Riemann-Roch it follows that 

dim H°iT.,K^P[-D]) - 2p(2g - 2) - m + 1 - g 
= (4p-l)(g-l)-m. 

Thus, the choice of D lies in a vector bundle of rank (4p — l)(g — 1) — m over the symmetric 
products*!]. 

Definition 8.9. We denote by § the total space of a vector bundle of rank (4p — l)(g — 1) — m 
over the symmetric product S"'S which gives the choice of D. 

Note that there is a natural map a : <? — > H°(S,iC^^), which sends a divisor in S to the 
corresponding section . 
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Remark 8.10. Interchanging the roles ofV and W, which corresponds to interchanging a by 
—a, restricts m to be 2p(g — 1) < m < 4p(g — 1). 

Remark 8.11. In the case of degV = degW^ the divisors D and D have the same degree. In 
this case the choice of D also lies in S"^!!, and in the above notation, it is given by the zeros of 
the section s. 

Recall that the line bundle M associated to a [/(p,p)-Higgs bundle (V®W, 4>) has degree 

m-degV + degW + (4p^-2p)(g-l). (8.6) 

Hence, points in the moduli space ^u{p,p) of U(p,p)-liiggs bundle of fixed degree, corre- 
spond to the triples (S, Ui,D) with fixed invariant m. 

As seen in Theorem 6.9, the choice of Ui is given by a fibration of Jacobians ^ over the 
space defining S, and thus the choice of a triple (S, Ui,D) is given by a point in a Zariski 
open subset of the total space of the fibration a*^ over 

p-i 

i=l 

Therefore one has the follov\fing description of the connected components which inter- 
sect a regular fibre of the classical Hitchin fibration. 

Proposition 8.12. For each fixed invariant m as in (8.6), the invariant < m < 2p(g — 1) 
labels exactly one connected component which intersects the non-singular fibres of the Hitchin 
fibration ^GL(2p,c) ~* ^GL(_2p,c]- component is given by the fibration of at ^ over a 
Zariski open subset in 

p-i 
i=l 

where § is as in Definition 8. 9. 
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8.2.2 Connected components of ^su{p,p) 

As seen in Chapter 6, one can obtain the spectral data associated to St/(p,p)-Higgs bundles 
by imposing restrictions on the data associated to [/(p,p)-Higgs bundles. In particular, 
recall that in this case m = (4p^ — 2p){g — 1) is fixed. 

As in the case of [/(p,p)-Higgs bundles, the choice of D is given by a point in the 
symmetric product of S, and since it has simple zeros, a point in s'^'"^ c S"^!!. The divisor 
of the section is separated by the divisor D together w^ith a section of K'^p [—D] (giving 
the divisor D). The maximal Toledo invariant corresponds to m = 0, in which case from 
(6.14) one has 

t(v, w) = w — V = 2p(g — 1). 
Hence, for = the divisor D is empty and thus from Proposition 6.12 one has 

2NmLfi = p(2p - 1)K. (8.7) 

Hence, follow^ing the analysis done in Section 8.2.1, in this case the choice of S and D is 
given by a point in a Zariski open subset j?/ of 

p 

0HO(S,ic2^). 

i=l 

From (8.7), one can see that for each choice of square root of p(2p — 1)K, the line bundle 
L/j is determined by an element in the Prym variety Prym(S, S). Therefore, for each of the 
2^^ choices one has a copy of Prym(S, S), giving a fibration over j?/ wrhose fibres are the 
disjoint union 2^^ Prym varieties. Note that if p is even, then there is a distinguished choice 
of square root. 

Remark 8.13. In the case of 0, further study of the parameter space defining the triples 
(S, Ui,D) needs to be done in order to obtain a description of the connected components of the 
moduli space ^suip,py 
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8.3 The moduli space of Sp(2p, 2p)-Higgs bundles 

As seen in Theorem 7.10, each stable Sp(2p, 2p)-Higgs bundle (E — V ® W,^) on a com- 
pact Riemann surface E of genus g > 2 for which the square root of the characteristic 
polynomial defines a smooth curve, has an associated pair (S,M). Recall that S is a smooth 
2p-fold cover of S, and M is a rank 2 vector bundle on S which is preserved by the natural 
involution cr on S, and is acted on by a with different eigenvalues over the fixed points. 

Via the work of [AG06], in Section 8.3.1 we relate the spectral data (S,M) to certain 
parabolic vector bundles on the quotient curve S = S/a, and use this description to study 
connectivity of ■Msp{2p,2p) in Section 8.3.2. 

8.3.1 Parabolic vector bundles on S 

From Chapter 7, the spectral data of Sp{2p, 2p)-Higgs bundles is given by jV" , the moduli 
space of stable rank 2 vector bundles on S preserved by the involution u. Following the 
notation of [AG06], we shall write jV" = (^^)^, where L :- p*K^P~^ is the fixed deter- 
minant of the rank 2 vector bundles and G is the group generated by cr. With this notation, 
denotes the moduli space of rank 2 vector bundles on S which have fixed determinant 
L and are preserved by the action of a. 

Remark 8.14. From [AG06, Section 1], any fixed point in Ml can be represented by a semi- 
stable bundle E onS with an action of the group G covering the action on S. The G-equivariant 
structure is equivalent to a bundle homomorphism W : E —> E covering a such that ct^ — Id^, 
and thus there is a unique (up to sign) such structure. 

Definition 8.15. We denote by t the involution t : (£, ct) >-> (£, — ct), which interchanges the 
two possible equivariant structures at a point in ■ 

From [AG06, Definition 2.19], we denote by the moduli space of admissible paraboHc 
bundles on S, which are parabolic rank 2 vector bundles whose marked points are the fixed 
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points of the involution cr, whose weights are 1/2, and whose flag is defined as in [AG06, 
Section 2] by the distinguished eigenspaces corresponding to the eigenvalue — 1 of cr. From 
[AG06, Definition 3.3] there is a natural map 'I' : — > and the space may be de- 
composed as the disjoint union 

where is the set of points in represented by stable parabolic bundles. 

Remark 8.16. By [N86, Section 3, p. 76], under our conditions any admissible semi-stable 
bundle is automatically stable, and thus = 5^^. 

The involution t defined in (8.15) induces an action of Z2 on (see [AG06, Section 
3, p. 17]), which we shall denote by f . Thus, we may decompose via the action of t as 

where ^J'' is the fixed point set in under the action of f. 

Proposition 8.17. [AG06, Theorem 3.4] The space J/" — is in a bisection 

In particular, one should note that (^^'^ is the complement of the fixed point set of an 
involution in the moduli space of admissible parabolic bundles 3^^, and thus is a Zariski 
open set in 0^^. 

8.3.2 Connectivity of ^sp(,2p,2p) 

As seen previously, the spectral curve of an ^sp(2p,2p)"Higgs bundle is always singular, and 
thus we shall say that a point a e J?^sp(4p,c) ^ regular point in the Sp(4p,C) Hitchin 
base, in terms of ^sp(2p,2p)"Higgs bundles, if it defines a smooth curve S. Hence, from the 
previous section we have the following: 
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Proposition 8.18. The intersection of the moduli space ^sp(2p,2p) ^^^^ regular fibres of 
the Sp{4p, C) Hitchin fibration is given by the space 3^a'^- 

Moreover, in [N86, Proposition 3.3] the Poincare pol3Tiomial of the moduli space is 
described, from where one has that the moduli space is connected, and thus so is ^q'^. 
The choice of the curve S in the spectral data (S, M) is given by a point in the complement of 
the singular locus in J^spi4p,c)' ^^d therefore by a point in a Zariski open set in a connected 
space. Hence, ^sp(2p,2p) can be described as follows: 

Proposition 8.19. The moduli space ^sp(2p,2p) ^ connected, and is given by the fibration of 
a Zariski open set in 5^^, over a Zariski open set in the space 

p 

i=l 
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Further questions 

In this thesis we have developed new techniques for studying principal G-Higgs bundles 
over a compact Riemann surface via the spectral data associated to each Higgs pair This 
new approach has enlightened paths of further investigation which we shall describe in this 
section. 

We shall begin by stating a conjecture about connectivity of in relation with the 
results presented in this thesis in Section 9.1. In Section 9.2 we discuss implications of 
our results related to higher cohomology groups of the moduli spaces and finally in 
Section 9.3 we consider certain groups G for which one could study Mq via the spectral 
data method. 

9.1 Connectivity of 

As mentioned before, during the last decade it has been of interest to calculate the con- 
nected components of the moduli spaces of principal G-Higgs bundles and their relation 
with surface group representations. The state of the art as of the time of writing this thesis 
is given in the following table [BG-PGll]: 
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G 


Constraints 


Reference 


PSL(n,R) 




Hitchin 


SU[p,qlPU[p,q) 


d=0, d,„^^ 


Bradlow, Gothen, Garcia-Prada, Markman, Xia 


Sp(4,R) 




Gothen, Garcia-Prada, Mundet 


Sp(2n,R), n>2 


d = 0, 


Gothen, Garcia-Prada, Mundet 


S0(2n) 


^max 


Bradlow, Gothen, Garcia-Prada 




p = l,q odd 


Aparicio 


[/*(2n) 




Garcia-Prada, Oliveira 


GL(n, R) 




Bradlow, Gothen, Garcia-Prada 



The results presented in Chapter 8 already contribute to the above table, and we con- 
jecture the following: 

Conjecture 9.1. For G = U(p,p), SU(p,p) and Sp{2p,2p), any component of the fixed 
point set of the involution Qq intersects the so-called generic fibre of the Hitchin fibration 

Validity of the conjecture would imply, in particular, that the connectivity results given 
in Chapter 8 do in fact realise all components of the moduli spaces ^Hq for G = U(p,p), 
SU(j),p) and Sp{2p,2p). 

9.2 Cohomology groups of 

As seen in Chapter 2, the moduli space of classical Higgs bundles is a Hyper-Kahler mani- 
fold. The Kahler form for the Higgs bundle complex structure restricts in the flat connection 
complex structure to the canonical symplectic form a)*-^-* defined by Goldman [Go84]. 

If one can find compact complex subvarieties in the Higgs bundle complex structure 
then a suitable power of the s3Tnplectic form must be nonzero, providing information about 
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the corresponding space of representations. In particular, a Jacobian for J7(p,p)-Higgs bun- 
dles, as described in Chapter 6, or the moduli space of rank 2 vector bundles for Sp{2p, 2p)- 
Higgs bundles, as described in Chapter 7, will give a lower bound for the non-vanishing of 
cohomology groups. 

9.3 Spectral data for other real forms 

It would be very interesting to continue the research by extending the methods developed 
in this thesis to other real forms G which appear to carry spectral data closely related to the 
one studied in this thesis. In particular, the following groups present interesting scenarios: 

• SU(p + 1, l)-Higgs bundles. From the description of SJ7(p,q)-Higgs bundles given in 
Chapter 3, the spectral curve of an SU(p + 1, 1)-Higgs bundle (£, <I>) lives in the total 
space X of K with projection p : X — > S, and has equation rj^^rf' + a^) = for tj the 
tautological section of p*K and e H°(S,iC^). Following the ideas of Chapter 7, 
we denote by S the curve given by a component of det(p*$ — 17), whose equation is 
7f- + ai = 0. 

One could try to follow the methods in [Xia03] to understand SU{p + l,l)-Higgs 
bundles via [/(1, 1)-Higgs bundles (E^ := V IV^,<^i = (/3i,yi)) with additional data 
obtained from the kernel of j- For this, one may need to consider the set of vector 
bundles 

— {F : rkF = p , degF = d < , degf' < for all F' c F}. 

Note that, by stability, e J^fJ. In the case of p = 2, and degVj, = — 1, one can see 
that starting with a U{1, 1)-Higgs bundle, the map fii can genetically be lifted to fi 
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as given in the following diagram: 

^V^ ^V/V^ ^0, (9.1) 



P 




The complete analysis of the case p = 2 should follow through the study of the 
corresponding extensions and obstructions to the lifting of /3i . 

• SU{p + l,p)-Higgs bundles. The spectral curve associated to a stable SU{p + l,p)- 
Higgs bundle (£, has equation 

^(^2p ^ ^2p-2^^ ^ 71^P~^CL2 + ... + ri^a^-i + Qp) - 0, 

and thus one may follow the approach done for S0{2m + 1,C) [Hit07], which is 
described in Chapter 2, and consider the associated curve p : S — > S given by 

^2p ^ ^2p-2^^ ^ r)2p-4a2 + . . . + Tj^Op.i + ap=0. 

There is a natural involution (7(17) = — 17 on S, and hence one can obtain the quotient 
curve p : S — > S in the total space of whose equation is 

+a^^P-^ + a2^P-^ + ... + ap = 0, (9.2) 

where ^ = 17^. Let :— kery c V and Vp :— imp ®K*<zV. By restricting the maps 
P and Y, one has an induced L/(p,p)-Higgs pair {Ei,<^i) where the vector bundle is 
£1 = V/Lj © W and 

/3i -.W ^V/L^^K, 
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By stability degL^ < and the pair is stable. Recall that in the case of 

S0(2m + l,C)-Higgs bundles, one could recover the S0(2m + l,C)-Higgs bundle 
from a rank 2m symplectic Higgs bundle together with a 1 -dimensional eigenspace. 

By means of the spectral data defined in Chapter 6, one could expect to obtain in- 
formation of the SU(p + l,p)-Higgs bundle by considering a [/(p,p)-Higgs bundle, 
whose data is understood, and extending it to a SU^p + l,p)-Higgs bundle by taking 
an appropriate extension 

^ ^ V ^ V/V^ ^ 0, (9.3) 



P 




and studying the obstruction for /3 to be a lift of Pi . 

• SO{p + 2,p)-Higgs bundles. Consider (£, $) an SO(p + 2,p)-Higgs bundle as defined 
in Chapter 3, and let Vj, and be the rank 2 vector bundles defined as 

:= kery c V and := im^ ®K* czV. 

Although SO(q, p)-Higgs bundles were studied in [Ap09], not much has been said 
about the particular case of q = p + 2. By restricting the maps (3 and y, one has 
two induced [/(p,p)-Higgs pairs for i = 1,2, where Ei := V /V^ © W and 

£2 — Vp®W. 

It is expected that considering the extensions of these particular [/(p,p)-Higgs bun- 
dles (£;,<!>;) by the rank 2 vector bundle V^, one could recover SO(p -I- 2,p)-Higgs 
bundles. Although stability of an SO(p + 2,p)-Higgs bundle does not imply directly 
stability of the vector bundle V.^, additional conditions could be set in order for the 
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implication to hold. In particular, understanding the low rank cases would provide 
useful understanding of the corresponding space of surface group representations. 
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